
 

 

𝑨𝑮(𝒏, 𝟑)

𝑷𝑮(𝒏, 𝟑) 

𝑨𝑮(𝒏, 𝟑)

𝑷𝑮(𝒏, 𝟑)
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𝐴𝐺(𝑛, 3) 𝑃𝐺(𝑛, 3)

𝐹3 = {0, 1, 2}

𝑑

𝐴𝐺(𝑛, 𝑞) ∕ 𝑃𝐺(𝑛, 𝑞)

𝑞 𝐹𝑞

𝑑

𝑑 = 3
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𝐴𝐺(𝑛, 𝑞) 𝑃𝐺(𝑛, 𝑞)

𝐶𝑛,3

𝐴𝐺(𝑛, 3)

𝐶𝑛,3 ⊆

𝐴𝐺(𝑛, 3)

𝑥, 𝑦, 𝑧 ∈ 𝐶𝑛,3 𝑥 + 𝑦 + 𝑧 ≠ 0

𝑦 −

 𝑥 ≠ 𝑧 − 𝑦

 𝐴𝐺(𝑛, 3)

𝑛 𝑞

𝑛 𝑞

𝐴𝐺(𝑛, 𝑞)

𝑃𝐺(𝑛, 𝑞) 𝑛 = 2, 3  𝑞

𝑞

𝐴𝐺(𝑛, 3)

𝑛 ∈ [1, 2, … , 6]

𝐴𝐺(𝑛, 3)

𝐴𝐺(𝑛, 3)
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𝑃𝐺(𝑛, 𝑞)

𝑛

𝑛

𝐴𝐺(𝑛, 3) 𝑃𝐺(𝑛, 3)

𝐹3 = {0, 1, 2}

𝐴𝐺(𝑛, 3) 𝑃𝐺(𝑛, 3)

𝐹3 = {0, 1, 2}

𝐴𝐺(𝑛, 3) 𝑃𝐺(𝑛, 3)

𝑃𝑛 𝑏

𝑃𝑛

𝑛
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 𝑏 𝐴 ⊂ 𝐴𝐺(𝑛, 3) 𝑏

𝑃𝑛

 𝑏 𝑃𝑛

« » (n ≥ 3) « » (n ≥ 6)

𝑛

 𝑏 𝑃𝑛 𝑃𝑚

𝐴𝐺(𝑛 + 𝑚, 3) 𝐴𝐺(𝑛 + 𝑚 + 1, 3) 𝑃𝐺(𝑛, 3)

𝑛

 𝑏 𝑃𝑛

𝐴𝐺(𝑛, 3) 𝐴𝐺(𝑛 + 1, 3)

 𝑏 𝑃𝑛1
𝑃𝑛2

𝑃𝑛3

« »

𝐴𝐺(𝑛, 3)

 𝑏 𝑃𝑛1
𝑃𝑛2

𝑃𝑛3
𝑃𝑛4

𝑃𝑛5
𝑃𝑛6

𝑃𝑛1
𝑃𝑛2

𝑃𝑛3
« »

𝐴𝐺(𝑛, 3)
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𝑏

𝑃𝑛 𝐴𝐺(𝑛, 3)

𝑛

𝐴𝐺(𝑛, 3)

𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛) 𝛽 = (𝛽1, 𝛽2, … , 𝛽𝑛)  𝛾 = (𝛾1, 𝛾2, … , 𝛾𝑛) 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛)

𝑦 = (𝑦1, 𝑦2, … , 𝑦𝑛) 𝑧 = (𝑧1, 𝑧2, … , 𝑧𝑛) {1,2, ⋯ , 𝑛}

𝑛 𝐵𝑛  𝐴𝐺(𝑛, 3) 

{𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛) | 𝑥 ∈ 𝐴𝐺(𝑛, 3), 𝑥𝑖 = 1, 2;  𝑖 ∈  [1, 𝑛]}

𝐵𝑛
′ 𝐵𝑛

𝐵𝑛
′′ 𝐵𝑛

𝐵𝑛
′′ = 𝐵𝑛 ∖ 𝐵𝑛

′ 𝐵𝑛
′′

𝐵𝑛
′ ∪ 𝐵𝑛

′′ = 𝐵𝑛 𝐴𝐺(𝑛, 3)

𝑥

𝑥(0) = {𝑖 |𝑥𝑖 = 0, 𝑖 ∈ [1, 𝑛]} − 𝛼 ∈  𝐴𝐺(𝑛, 3) 

𝑋 𝛼  = {𝑥| 𝑥 ∈ 𝐴𝐺(𝑛, 3), 𝑥(0) = 𝛼(0)} 𝐴

𝐴

𝐴𝐺(𝑛, 𝑞) 𝑃𝐺(𝑛, 𝑞) 𝑐𝑛,𝑞 𝑐𝑛,𝑞
′

𝐴 ⊆ 𝐴𝐺(𝑛, 3) 𝐵 ⊆ 𝐴𝐺(𝑚, 3)

𝐴𝐺(𝑛 + 𝑚,

3) 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛+𝑚)| 𝑥1 =
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(𝑥1, 𝑥2, … , 𝑥𝑛) ∈ 𝐴, 𝑥2 = (𝑥𝑛+1, … , 𝑥𝑛+𝑚) ∈ 𝐵} 𝐴𝐵

𝐴𝐺(𝑛, 3) 𝐴

𝑃𝑛

𝑖) 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛) 𝛽 = (𝛽1, 𝛽2, … , 𝛽𝑛)

𝑖 𝛼𝑖 = 𝛽𝑖 = 𝑖 ∈ [1, 𝑛]

(𝑖𝑖)  𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛) 𝛽 = (𝛽1, 𝛽2, … , 𝛽𝑛) 𝛾 =

(𝛾1, 𝛾2, … , 𝛾𝑛) 𝛼 + 𝛽 + 𝛾 ≠ 0(𝑚𝑜𝑑 3)

 𝑃𝑛

𝛼 ∈  𝐴𝐺(𝑛, 3) 𝛼 ∉  𝑃𝑛 𝑃𝑛 ∪ {𝛼} 𝑃𝑛

𝑃𝑛 𝛼 ∈

𝑃𝑛 𝛼  ⊆ 𝑃𝑛  𝑏 ∈ [1, 2]

𝐴𝐺(𝑛, 3) 𝐶𝑛,3

𝐶𝑛,3

𝛼 𝛽 𝛾

𝛼 𝛽 𝛾

 𝛼 + 𝛽 + 𝛾 ≠ 0(𝑚𝑜𝑑 3)
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𝑃𝑛  𝛼 ∈ 𝑃𝑛

|𝛼(0)|  𝛼 ∈ 𝑃𝑛

|𝛼(0)|

1. 3 𝑏 𝑃𝑛

𝐴𝐺(𝑛, 3) 𝐴

𝑏 𝑃𝑛

𝑏

𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛) ∈ 𝐴 𝛽 = (𝛽1, 𝛽2, … , 𝛽𝑛) ∈ 𝐴

 𝑖 𝛼𝑖 = 𝛽𝑖 = 𝑖 ∈ [1, 𝑛]

𝛼, 𝛽, 𝛾 ∈ 𝐴 𝛼(0) = 𝛽(0) =

𝛾(0) 𝑗

 𝛼 𝛽 𝑗 − 𝛼𝑗 = 𝛽𝑗 = 0

𝛾 𝑗 𝛾𝑗  ≠ 0

1. 4 𝑃𝑛

𝑃𝑛 𝐴𝐺(𝑛, 3)

𝑃𝑛+𝑚 𝐴𝐺(𝑛 + 𝑚, 3)

𝑛 𝑚

𝑛 𝑚

𝑃𝑛 𝑃𝑛𝐵𝑚 𝐵𝑚𝑃𝑛 𝑃𝑛+𝑚

𝑃𝑛 𝑏 𝑃𝑛𝐵𝑚 𝐵𝑚𝑃𝑛 𝑏
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1. 5 𝑏

𝑃𝑛

𝑛 𝑏 𝑃𝑛

𝑛 = 𝑛1 + 𝑛2 + 𝑛3 𝑛1 𝑛2 𝑛3

𝑛 ≥ 3

𝑃𝑛 = 𝑃𝑛1
 𝑃𝑛2

𝐵𝑛3
∪ 𝑃𝑛1

 𝐵𝑛2
𝑃𝑛3

∪

𝐵𝑛1
𝑃𝑛2

𝑃𝑛3
 𝑏 𝑃𝑛 𝑛  𝑛1 + 𝑛2 + 𝑛3

𝑃1 = {(0)} 𝑃2 = {(0, 1), (0, 2)} 𝑛1, 𝑛2, 𝑛3

𝑛 ≥ 3

𝑃𝑛1
 𝑃𝑛2

𝑃𝑛3
 𝑏 𝑃𝑛 =

𝑃𝑛1
 𝑃𝑛2

𝐵𝑛3
∪ 𝑃𝑛1

 𝐵𝑛2
𝑃𝑛3

∪ 𝐵𝑛1
𝑃𝑛2

𝑃𝑛3
𝑏 𝑛  𝑛1 +

𝑛2 + 𝑛3  𝑛1, 𝑛2, 𝑛3

𝑛

𝐶𝑛−1
2 𝑏 𝑃𝑛

𝑛 ≥ 3

𝑏

𝑃𝑛

𝑛 ≥ 6 𝑏 𝑃𝑛

𝑛 = ∑ 𝑛𝑖
6
1 𝑛1 𝑛2 𝑛3, 𝑛4, 𝑛5, 𝑛6

𝑛 ≥ 6

𝑃𝑛 =  ∪1
10 𝐴𝑖

 𝑏 𝑃𝑛 𝑃1 = {(0)} 𝑃2 = {(0, 1), (0, 2)}

𝑛 = ∑ 𝑛𝑖
6
1  𝑛1, 𝑛2, … , 𝑛6
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𝐴1 = 𝑃𝑛1
𝑃𝑛2

𝑃𝑛3 
𝐵𝑛4

𝐵𝑛5
𝐵𝑛6 

𝐴6 = 𝐵𝑛1
𝐵𝑛2

𝑃𝑛3
𝐵𝑛4

𝑃𝑛5
𝑃𝑛6

𝐴2 = 𝑃𝑛1
𝑃𝑛2

𝐵𝑛3
𝐵𝑛4

𝐵𝑛5
𝑃𝑛6

𝐴7 = 𝐵𝑛1
𝑃𝑛2

𝐵𝑛3
𝑃𝑛4

𝑃𝑛5
𝐵𝑛6

𝐴3 = 𝑃𝑛1
𝐵𝑛2

𝑃𝑛3
𝐵𝑛4

𝑃𝑛5
𝐵𝑛6

𝐴8 = 𝐵𝑛1
𝑃𝑛2

𝐵𝑛3
𝐵𝑛4

𝑃𝑛5
𝑃𝑛6

𝐴4 = 𝐵𝑛1
𝑃𝑛2

𝑃𝑛3
𝑃𝑛4

𝐵𝑛5
𝐵𝑛6

𝐴9 = 𝑃𝑛1
𝐵𝑛2

𝐵𝑛3
𝑃𝑛4

𝐵𝑛5
𝑃𝑛6

𝐴5 = 𝐵𝑛1
𝐵𝑛2

𝑃𝑛3
𝑃𝑛4

𝐵𝑛5
𝑃𝑛6

𝐴10 = 𝑃𝑛1
𝐵𝑛2

𝐵𝑛3
𝑃𝑛4

𝑃𝑛5
𝐵𝑛6

𝑃𝑛1 , 𝑃𝑛2
, 𝑃𝑛6

𝑏

𝑃𝑛  ∪1
10 𝐴𝑖 𝑏 𝑃𝑛 𝑛 = ∑ 𝑛𝑖

6
1  𝑛1  𝑛2   𝑛6

𝑛

𝐶𝑛−1
5  𝑏 𝑃𝑛

𝑛 ≥ 6

|𝑃6| = 80

𝑃𝑛1
𝑃𝑛2

𝑃𝑛6
𝑏

𝑏 𝑃𝑛 𝑛 = ∑ 𝑛𝑖
6
1  𝑛𝑖

 𝑏 𝑃𝑛

1. 7

𝑆 = {𝑎1, 𝑎2, … , 𝑎𝑛} 𝐴 ⊆ 𝑆 

𝐴 2𝑛−|𝐴|

  𝑤(𝐴)-   𝑆
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𝐵 = {𝐴1, 𝐴2, … , 𝐴𝑚} 

(1) 𝐴𝑖 𝐴𝑗 ∈ 𝐵 𝐴𝑖 ∩

𝐴𝑗 ≠ ∅ 1 ≤ 𝑖 𝑗 ≤  𝑚

(2) 𝐴𝑖  𝐴𝑗 , 𝐴𝑘 ∈ 𝐵

𝑎𝑙 ∈ 𝑆 𝑎𝑙 𝐴𝑖  𝐴𝑗 , 𝐴𝑘

𝑎𝑙 ∈ 𝐴𝑖 𝑎𝑙 ∈ 𝐴𝑗 𝑎𝑙 ∉ 𝐴𝑘

1 ≤ 𝑖, 𝑗, 𝑘 ≤ 𝑚 1 ≤ 𝑙 ≤ 𝑛

(3) ∑ 𝑤(𝐴𝑖
𝑚
1 )

𝐴𝐺(𝑛, 3)

𝑃𝐺(𝑛, 3) 2. 1 𝑏

 𝑃𝑛 𝑃𝑚

𝐴𝐺(𝑛 + 𝑚, 3) 𝐴𝐺(𝑛 + 𝑚 + 1, 3)

𝑃𝑛 𝑃𝑚 𝑏

𝐶𝑛+𝑚,3 = 𝑃𝑛𝐵𝑚 ∪ 𝐵𝑛𝑃𝑚 𝐴𝐺(𝑛 + 𝑚, 3) 𝑛 𝑚

𝑐𝑛+𝑚,3 ≥ |𝑃𝑛||𝐵𝑚| + |𝐵𝑛||𝑃𝑚| 𝑛 𝑚

𝑐𝑛+1,3 ≥ 2|𝑃𝑛| + |𝐵𝑛| 𝑛

𝑐9,3 ≥ 𝑐10,3 ≥

𝑃𝑛 𝑃𝑚 𝑏

𝐶𝑛+𝑚+1,3 = 𝑃𝑛𝑃𝑚{(0)} ∪ (𝑃𝑛𝐵𝑚 ∪ 𝐵𝑛𝑃𝑚){(1)} ∪ 𝐵𝑛+𝑚{(2)}

𝐴𝐺(𝑛 + 𝑚 + 1,3) 𝑛 𝑚
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𝑛 𝑚 𝑐𝑛+𝑚+1,3 ≥

|𝑃𝑛||𝑃𝑚| + |𝑃𝑛||𝐵𝑚| |𝐵𝑛||𝑃𝑚| |𝐵𝑛+𝑚| 𝑃𝑛 𝑃𝑚 𝑏

𝑐5,3 ≥ 42

𝑏

𝑃𝑛

𝑃𝑛 𝑏 𝐶𝑛,3 = 𝑃𝑛 ∪

𝐵𝑛
′

𝑃𝑛 𝑏 𝐶𝑛,3 = 𝑃𝑛 ∪

𝐵𝑛
′′

𝑐6,3 ≥ 112

𝑐11,3 ≥ 5504

𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛) ∈ 𝐴𝐺(𝑛, 3)  

�̂� = (𝛼𝑛, 𝛼𝑛−1, … , 𝛼1) ∈ 𝐴𝐺(𝑛, 3)

𝑃𝑛

𝑃�̂�

𝑃𝑛 𝑏 𝐶𝑛,3 =

𝑃�̂� ∪ 𝐵𝑛
′ 𝐶𝑛,3 = 𝑃�̂� ∪ 𝐵𝑛

′′
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𝐴𝐺(𝑛, 3) 𝑒1,1 = (1, 0, … , 0) 𝑒1,2 = (2, 0, … , 0) 𝑒2,1 = (0, 1, … , 0) 𝑒2,2 =

(0, 2, … , 0) 𝑒𝑛,1 = (0, 0, … , 1) 𝑒𝑛,2 = (0, 0, … , 2)

𝐸𝑛

𝑃2𝑛 𝑏

𝛼 ∈ 𝑃2𝑛 |𝛼(0)| ≥ 3

𝑃2𝑛 ∩ 𝑃2�̂� = ∅, 𝐶2𝑛+1,3 = {𝑃2𝑛 ∪ 𝐵2𝑛
′ }{(0)} ∪ {𝑃2�̂� ∪ 𝐵2𝑛

′ }{(1)} ∪ {𝐸2𝑛}{(2)}

𝛼 ∈ 𝑃2𝑛 |𝛼(0)| ≥ 3 𝑃2𝑛 ∩ 𝑃2�̂� = ∅

𝑐7,3 ≥ 236

𝑃𝑛1
 𝑃𝑛2

𝑃𝑛3

𝐴𝐺(10, 3)

𝑃𝑛1
 𝑃𝑛2

𝑃𝑛3
𝑏

𝑃𝑛1
 𝑃𝑛2

𝑃𝑛3
𝑃𝑛1

𝑃𝑛2

𝐶𝑛,3 = 𝑃𝑛 ∪ 𝐵𝑛1
′ 𝐵𝑛2

′ 𝐵𝑛3
𝑃𝑛 = 𝑃𝑛1

 𝑃𝑛2
𝐵𝑛3

∪

𝑃𝑛1
 𝐵𝑛2

𝑃𝑛3
∪ 𝐵𝑛1

𝑃𝑛2
𝑃𝑛3

𝑛  𝑛1 + 𝑛2 + 𝑛3  𝑛1, 𝑛2, 𝑛3

𝑐10,3 ≥ 2240

𝑃𝑛1
𝑃𝑛2

𝑃𝑛3
𝑃𝑛4

𝑃𝑛5
𝑃𝑛6

𝑃𝑛1
𝑃𝑛2

𝑃𝑛3
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𝑃𝑛1
𝑃𝑛2

𝑃𝑛3
𝑃𝑛4

𝑃𝑛5
𝑃𝑛6

𝑏 𝑃𝑛1
 𝑃𝑛2

𝑃𝑛3
𝐶𝑛,3 =  𝑃𝑛 ∪

𝐵𝑛1
′ 𝐵𝑛2

′ 𝐵𝑛3
′ 𝐵𝑛4

𝐵𝑛5
𝐵𝑛6

𝑃𝑛  ∪1
10 𝐴𝑖 𝐴𝑖

𝑛 ∑ 𝑛𝑖
6
1  𝑛1, 𝑛2, 𝑛3  𝑛4, 𝑛5, 𝑛6

𝑃𝐺(𝑛, 3)

𝐴𝐺(𝑛, 3) 𝑏 𝑃𝑛

𝑃𝑛 𝑏 𝐴𝐺(𝑛, 3)

𝐶𝑛,3
′ = 𝑃𝑛{(1)} ∪ 𝐵𝑛

1{(0)} 𝑃𝐺(𝑛, 3)

𝐵𝑛
1 = {(𝛼1, 𝛼2, … , 𝛼𝑛 )|𝛼1 = 1, 𝛼𝑖 = 1, 2; 2 ≤ 𝑖 ≤ 𝑛} 𝑛

 𝑐𝑛,3
′ ≥ |𝑃𝑛| 2𝑛−1

 𝑐6,3
′ ≥ 112 

𝐴𝐺(𝑛, 3) 𝑃𝐺(𝑛, 3)

𝑏 𝑃𝑛



 

17 
 

 𝑏 𝐴 ⊂ 𝐴𝐺(𝑛, 3) 𝑏

𝑃𝑛

 𝑏 𝑃𝑛

 (𝑛 ≥ 3)  (𝑛 ≥ 6)

 𝑏 𝑃𝑛 𝑃𝑚

𝐴𝐺(𝑛 + 𝑚, 3) 𝐴𝐺(𝑛 + 𝑚 + 1, 3) 𝑃𝐺(𝑛, 3)

𝑛 𝑚

 𝑏 𝑃𝑛

𝐴𝐺(𝑛, 3) 𝐴𝐺(𝑛 + 1, 3)

  𝑏 𝑃𝑛1
𝑃𝑛2

𝑃𝑛3

« »

𝐴𝐺(𝑛, 3)

  𝑏 𝑃𝑛1
𝑃𝑛2

𝑃𝑛3
𝑃𝑛4

𝑃𝑛5
𝑃𝑛6

𝑃𝑛1

𝑃𝑛2
𝑃𝑛3

« »

𝐴𝐺(𝑛, 3)
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𝐴𝐺(𝑛, 3) 𝑃𝐺(𝑛, 3)

𝑏 − 𝑃𝑛

 𝑏

𝐴 ⊂ 𝐴𝐺(𝑛, 3) 𝑏 𝑃𝑛

 𝑏 − 𝑃𝑛

𝑛 ≥ 3 𝑛 ≥ 6)

 𝑏 𝑃𝑛 𝑃𝑚

𝐴𝐺(𝑛 + 𝑚, 3), 𝐴𝐺(𝑛 + 𝑚 + 1,3) 𝑃𝐺(𝑛, 3)

𝑛 𝑚

𝑏 𝑃𝑛

𝐴𝐺(𝑛, 3) 𝐴𝐺(𝑛 + 1,3),
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𝑏 𝑃𝑛1
𝑃𝑛2

𝑃𝑛3

𝐴𝐺(𝑛, 3).

𝑃𝑛1
𝑃𝑛2

𝑃𝑛3
𝑏 𝑃𝑛1

𝑃𝑛2
𝑃𝑛3

, 𝑃𝑛4
𝑃𝑛5

𝑃𝑛6

𝐴𝐺(𝑛, 3)

𝐴𝐺(𝑛, 3) 𝑃𝐺(𝑛, 3)

 𝑏 𝑃𝑛  

𝑏

𝐴 ⊂ 𝐴𝐺(𝑛, 3) 𝑏 𝑃𝑛

 𝑏 𝑃𝑛

𝑛 ≥ 3 𝑛 ≥ 6) 

𝑏 𝑃𝑛 𝑃𝑚

𝐴𝐺(𝑛 + 𝑚, 3), 𝐴𝐺(𝑛 + 𝑚 + 1,3) 𝑃𝐺(𝑛, 3)

 𝑛 𝑚

 𝑏 𝑃𝑛

𝐴𝐺(𝑛, 3) 𝐴𝐺(𝑛 + 1,3),
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 𝑏 𝑃𝑛1
𝑃𝑛2

𝑃𝑛3

𝐴𝐺(𝑛, 3).

𝑃𝑛1
𝑃𝑛2

𝑃𝑛3
𝑏 𝑃𝑛1

𝑃𝑛2
𝑃𝑛3

, 𝑃𝑛4
𝑃𝑛5

𝑃𝑛6

𝐴𝐺(𝑛, 3).


