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UCUSUULLP CurzULNRC fFuNbhEUADCC

Fhdugh  wpphwlwinippiip: Upjownwipp wdhpyws b Spugpudnpuwi
Inljghntiw)  (hqniitkph  hwnlmpnibiubpht: Zbnmwgnuumpyut wpwplu  Eu
hwinhuwinud Spugpuynplwtt $niulghniiwy (kqnitkph tkpgpdus hwunwnniitkph
Eupwpwuqumpiniittipp,  hull phuwpyyny  hhdbwlwt  faughpubpp wyn
Eupwpwuqunipiniutitiph (phynipiniup b dhthdwnipiniup:

UwlQupunhh! wpluwwnnipjutt kg uwwhdwbymd E Lisp (kqnit, npp
hwinhuwinid b Spwgpuynpdwin wnwehtt  dnmibiljghntiwy  (hkqnit:  Lisp 1kqyh
wnwpuyuljut wmhpnypp S-expressions (wnndukp b npuigny Juquyws gniguljukp)
puqunipniut b Uyp wohiwnmpyub Uky nvwhdwignud G S-expressions puqunipjul
Jpw  npopdws  ubpppduws  wwppulut otulghwubp’  car, cdr, cons, atom, eq,
if _then_else: Lisp 1kqyh hhdtwjwut hwulwugnipmiuttph hhdwb Jpu ki wnwewghy
Scheme?, Scala3, ML4, SASL> L wy] 1kqniubkp: Uju (Eqnitkph ubpppus dnruyghwubkph
puqunipiniuiiph dke Ywt ybpp todwsd muppuljut dnitughwkpp:

PEYniup® wohwnmpjut vk vwhdwuynud £ FP spugpuynpdwin dniljghniug
1Eqnit, nph wowpujuwlwb whpnypp bnybybu S-expressions puqunipmitt L FP
iqynud sk oqumuugnpdynid qpn  Yupgh thnthnjwfuittp  (woupfuului
thnthnjuwuikp), sh ogurnugnpdynmid A-wpunnpuljghu b oquuugnpdynid t wnwght
Jupgh thnphnpwlwutbp ($niulhghntwy thnthnpuwluubp): FP 1kqyph ubkpppus
hwuwnwnnibibph puqunipyut bt wunwiumd id (Identity), hd (Head), tl (Tail),
apndl (Append left), eq (Equals) Ukl wnknuth $niuyghwtpp i1
comp (Composition), constr (Construction), cond (Condition), const (Constant)
dnruyghniiwgutipp, hyytu twlb wy $nrughwtp b $nrulghntiwnkp:

Zhwmwppppnipnit £ ubkpiuyuginid wipws  Spugpuynpuiwt dniuljghntug
1tkqdh ubpnpdws hwuwnwwnniubphg ptwpl] Gupwpwqunipinit, npp Yihuh phy,
wyuhupt’ ogunugnpstiny dhwyt wyn hwunwnnibubpp htwpwynp Yihuh judwjyului
f : B — S-expressions (B c S-expressions®, k > 1) hwoquplth dniiljghw
Spwigpuinpby wyry (Eqynud:

Y McCarth y J. Recursive functions of symbolic expressions and their computation by machine.
Communications of the ACM, Vol. 3, N 4, 1960, p. 184-195.
2 Dybvig R. K. The Scheme Programming Language. MIT Press. 4 edition, 2009, 504p.
3 Wampler D., Payne A. Programming Scala. O'Reilly Media, 2009, 450p.
4 Harper R. Programming in Standard ML. Carnegie Mellon University, 2005, 297p.
> Tuner D. A. A New Implementation Technique for Applicative Languages. Software - Practice and
Experience - SPE, Vol. 9, N 1, 1979, p. 31-49.
® Backus J. W. Can programming be liberated from the von Neumann style? A functional style and its
algebra of programs. Communications of the ACM, v. 21, N 8, 1978, p. 613 641.
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Pnjtph & Uniph! wppnwinwipnid gnyg E wpynud, np judwyuljwh f: B — S-
expressions (B c S-expressions®, k = 1) hwpqupykh dniyghuyh hwdwp gnjnipinih
nith Lisp 1kqyny P épwghp, nph hwdwp wnbnh nith hbnbjup. Gph £ niuljghuyhte
hwdwywwnwupwing  @niphuigh  dbkpkiwbt YJwbq bt woinwd, wwyu wlunhy
hunbpwypinwwnnpp P Spugph hwdwp fubg £ wetnid tnyt yuwwnwuhiwing, hul pk
Bmiphugh dkpkuwt wigkpe £ wojumnnud, wmyw wljnhy hunkpuypiwnwnnpp wuygkpe
E wpjuwnnid: Umjuyn Pnjtph b Uniph wpownwpmu gnyg sh wipynud, np P $pwgph
wlowpd Yhnh vbdwbnhjwi httg wy $nituljghwi b Nrunh juughp £ wunwowinid
niunidtwuhply wyu hwpgp:

dbpp wpdwd  juugphg widhgwwbu hbwbnd B punpdus  ukpgpus
hwuwnwwnniiutph puqunipjut dhthdwnipyut hwpgp: Ujuhtpt' wipynp htwpunp
sk ptinpdws puqunipiniup thnppugik) (npbk tkpppdws hwunwwnnit nnipu hwuk wyy
puqunipniithg’ wwhwywkny puqunipjub (phynipjniup):

Ugluwmnwiph twuwwwlht nt jubphpbbpp: Uju wpliwwnwiph  hhdtwljui
tyuwnwlj nt fpunhpubpp hbnbjuh Gu.

1.Lisp spugpuynpuwt 1kquh tkpppjws dntughwnbiph puqunipiniithg plinpty
1nhy b dhuhutwy Bupwpwuqunipni:

2.FP Spwgpuynpdwtt (kqyh ubpgpué dniuljghwtiph b $nrulghntiwutph
puqunipiniithg pinpty ;phy b dhuthdw) Eipupuqdnipinii:

3.Yhwwpyl] FP Spwgpuynpdwt (kqyh dnnhdhiughwibp: Ujy (kgqniukph
ubpypué Pniughwubph b $niulyghntwubph pwquUnipmitiiphg puwnpbkp phy b
Uhuhuw Eupupuqunipniutp:

Zhnmwugnuum pjut Uhpnnubpp: Upnwwnwpnid oginuugnpdjws hbnwgnunipiut
Ubpnnutpp tkpuwpnd B $niulghntwy Spwgpuynpdwi, whyhqugdus A-hwoyh,
wqnphpdutph nkunipjut b hwipwhwyyh dkpnnubpp:

Upmynibpubkph unpmpmip: Uplwwnwipnid Juunwupjus
htwnwgnuinipnibibph wpyniupnud umulgtlh]_ Et htwnlyw) hhdtwlwh wpnyniupubpp.
1. Ukpypqud dnruljghmibnh = {car, cdr, cons,atom, eq, if _then_else}

pulqt[nl_p]ulh hwdwp unwgyt £ hhmh]ul]_]}
8nyg Lt wpdk, np judwywlwu  f : B — S-expressions (B C S-
expressions®,k = 1)  hwpyupyth  dmulghw  Spwgpuynpth  k
Spugpuynpdwt $niuyghniiwg 1kqynid, nptt oqurawugnpsénid | @ puqunipjui
Iniuhghwkpp: 8nyg k wpyk), np Epyniuhg wykih wnndubph nhwypnid ¢
puqunipiniup dhtthuwy b

*  8nyg L wpdbk, np Epyne wunndubph ghypnd judwywlui f: B — S-
expressions (B c S-expressions*, k = 1) hwoqupltih  Imhghwm
Spuwgpunplih L Spwgpuynpdwuit pniuljghntwy kqynud,  npb
oquiugnpdnid £ @ \ {eq} puqunipju niughwikpp: 8nyg L npygty, np @\

! Boyer R. S., Moore J. S. A Mechanical Proof of the Turing Completeness of Pure Lisp.
Automated Theorem Proving: After 25 Years, American Mathematical Soc. 1984, p. 133-167.
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{eq} puquUnipjniup vhthdw) b Unwugnigyt] k twl, np judwjuljub ¢ € &\
{eq} hwdwp ny pninp f : B — S-expressions (B © S-expressions®, k = 1)
hwoqupltih dniiljghwmukipt ku spwgpuynptih (kqynud, npt ogqurnuugnpdnid
E @\ {p} puqumpyub pmuyghwikpp:

2. Ukpgpuws hwuwnwnniikph ® = {id, hd, tl,apndl, eq} U

{comp, constr, const, cond} puqUnipjut hwdwp uvnwugyty Ehtnbyup.

*  8nyg k mpydly, np judwyuljwh f : B — S-expressions (B © S-expressions)
hwoqupltih $niuljghw spugpuynpbih £ FP (kqynud, npt oquruugnpénid £
® puqUmpub hwunmwwnnibubpp: 8nyg L wpyl], np Epkphg wykh
wwnnudubph nphuypnmd @ puqunipiniup dhtthuwy k:

*  8nyg k wpyk, np Gpip wwnndubph phwypnd judwyulwb f: B — S-
expressions (B ¢ S-expressions) hwpqupltijh $niuyghw dpwgpunpbjh k
FP (kqymud, npb  oquugnpémd E @\ {const} puqunipjul
hwuwnwwnnitpp: 8nyg b wipgbg, np @ \ {const} puqunipniup vhhduy
Uwwgnigyk] k bwl, np judwjulub ¢ € ¢ \ {const} hwdwp ns pnnp f :
B — S-expressions (B c S-expressions) hwpjuplth dniuljghmubtpt tu
Spugpuynphih FP (kqynud, npb oquuugnpénid Lt @\ {¢} puqunipjui

hwutnwwnniuubpp:
3. Thwwpldby Eu FP (kqyh dnnhdhjughwutp: 8nyg t wipdby, np judwyulul f :
B — S-expressions (B c S-expressions) hwoJupltih Iniujghwm

Spwgqpuynphih £ wyy (Eqniukpnud: 8nyg L wipygty, np ogrnugnpsyws ukpnppdus

hwunwwnniuubph puqUnipniitpp dhthdwy G

Shuwwi b Yhpurwlwh Hwiwlmpepmip Uju wownwipnid unwugjus
wpnniupubplt mbkt hyybue nbuwub, wiybu b jhpunwlub tywbwlnipmi:
Qpwbp Jupnn o oquiwgnpdyly dniulghnuwy Spwquynpdwin tnp hwdwlwupgbph
unbnddwb dudwtwly:

Uunwugyus wpymbpubph wwypnpughwi: Uwnbkuwpjnunipjut  hhdtwlwt
wpryniuptbpp qlnigyl) Eu 6N2 spugpuynpdwt b hupnplwughntt mkjutininghwkph
wdphnth ubdhtiwpnud, ©NZ2  hudpnplwnphluyh b fhpwpwlwt dwpbdwnhljugh
duljnyyntnh pughwinip  ubkdhtiwpnd, Computer Science and Information
Technologies - 2011 (CSIT,  Gplhwl, 2011) Jhpwqquyhtt  ghwnwdnynynud:
Uwnbktwpununipjut hhdtwwb wpnynitpubpt pungplyws i hpuwunwpuldus bpkp
wpuunwipbpnud:

Ugluwnuiph Junmgyuéph n hudwnpnun pojuinuljnipnibp:
Uwnbktwjununipmnibip punugus b ubpwdnipnithg, tpkp qiluhg, kqpujugnipniiihg b
ogunugnnpdjus qpuijuiinipjut gmulhg (33 wunt): Unkuwjununipjut swduip 120 Ly
E:



UChUSULLP AN ULVYUUNRE3NRULE

Ubkpwénipiimd  tjupugpynid £ wnkiwpiniumpyut  hknwgnnnipiut
hhdtwljut bywwnwly nt punhpubpp, hhdtwynpynd £ wnbbwjununipiut phdwgh
wpphwlwinipniup b inpnipyniip: Zudwenwn Jepyny tkpjuyugdnud E wpjuwwnwph
pnqutinulnipniiip:

Qo 1I-md phipynud & wihpwdbon  vwhdwinudubp b wpynitplbp
dniughniiwg Spugqpuynplwt ykpwpkpywy, npntup hhdbwlwind Jipgqus b 1234
wouwnwipbphg: Unwght gntjup punugus k Epkp pudhuttphg:

1.1 pwdimd bhpdmddws & whwh, phpdh, phpdh wpdbph, g b §-
ntmyghwibph, §-ntyniyghuyh, dpwugph, Spugph wipwpd Yhnh b ypnglgmpugh
ubdwtnhuutph qunutwpubpp:

Tthgnip M-p dwubwlh Yupquynpws puqunipnit E, npnbn LEM L
gujugués m € M hwdwup LEmum E m:

Uwhdwinud 1.1.4: Uwhdwkup mhwbtph Types puqunipniip:

1.M € Types:

2.6pk ay,..,a,, B €ETypes, n=>1, wmyu [a; X ..X a, = f] € Types, npukn
[a; X .. Xay, = B]-ny TwwiwyJuws Lt a;xX..Xay,-hg F  ponp Untnunt
wpunuwwwnipnudubph puqunipniun:

Uwhdwind 1.1.5: Yhgnip a € Types: ¢ whwhtt hwdwwyuwnwuwkgutup
puwjuit phy htnlyuy Ytpy, npp juidwubkiup ¢ nhyh Yupg (Yuowbwyutp ord(a)).

1.6pta = M, wyw ord(a) = 0:

2.6pk Qy, ., Qp, B € Types,n = 1, wuww ord([a; X ..x ap - B]) =
max(ord(ay), ...,ord(ay), ord(B)) + 1:

Uwhdwimy 1.1.6: Uwhdwubip phpd hwuljugnipmniup: V,-nd tpwtwlbup o
wnhwyh tnhnppwluwbubph hwoybh  pwqUmipiniip:  Popp thnthnjowluibkph
puqUnipniip bwbwlkup Vny' V= U V,: Gpk cea,x €V, ord(a) =n,n =0,

a€ETypes
www Juubkup, np c-u n-py Jupgh hwunwwnnit b, x-p n-pn jupgh thothnjuufui k:
Pninp phpdkph  puqunipnitip towbwlhkip And A= U Ay, npubkn A,ny
a€ETypes

wowbwlduwsd k a mhyh ptpdtph puqunipniup:

Y Budaghyan L. E. Formalizing the notion of O-reduction in monotonic models of typed [-calculus.
Algebra, Geometry & Their Applicatiions, Vol. 1, YSU Press, 2002, p. 48-57.
*Huraan C.A. OynxuyoHansHbIe S35IKH IporpaMmmuposanus. IIporpammuposanue, Ne 5, 1991, c. 77-
86.
3 Huwrmamw C.A. OO6 wuHrepmperanuy (YHKUMOHAJIBHBIX  $3bIKOB  IPOrPAMMHPOBAHUSL.
ITporpammuposanmue, N 2, 1993, c. 58-68.
S Vhqpyuia U.U., Fnipunywih [.F. Opuqpuynpiubd $niblghntiuy hwdwlupgbp: 02
Zpuunwpulsnipntl, 2006, 56 te:
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1. Gplic €a,a € Types, myu c € Ay:
. Gphx €V, a € Types, myu x € Ay:
3. ©pk 7 €A, x.xapy ti €hqp @B ETypes, i=1,.,k k=1, wygu
T(ty, - ty) € Ag:
4. ©pk TE€A x; €Vy, B ETypes, i #j=>x #x,L,j=1,...,kk =1, wmyu
Axq e X [T] € Afg,x..xap—p]: AX1 - X~ Jufuiikip wpuinpuljnng, huly 7-u'
wpunpulnnph wqpkgnipjub nhpnyp:
Uwhdwind 1.1.7: Hhgnip t € A: x thnthnjuwljuih $hpujws dnunpp ¢ phpdnid
Juijuibkiup juylws, tpt wt jud wuwunljuwind bt npblk wpunpwlunpht, Yud
quiynud Et wyy nhnuwfuitt | oqunwugnpénn  wpunpuluninph  wqptgnipjub
mhpnypoud: Zuwpwl] phypnd x  thnthnpowljuih dninpp jubdubkip wquun:
Yuukp, np x hnthnjuwjuip wquun k¢ phipdnud, bpl wyt nitth wpbijuqb Uk wqun
Uniwnp: ¢t phpdh wquun thnthnwlwbttph pauqunipniup Yaowbwytup FV (¢)-ny:
Uwhdwimd 1.1.8: Yhgnip t € A b (/= {t;/xq, ..., ty /%, } nplk mbnunpnud E: to-
ny Jupwbwltup wyl ¢’ phpdp, npp vnwgynud k¢ phpdnud x4, ..., x, thnhnjowlutph
ponp wquun  Untnpbpp  dhwdudwiwl  thnfuwphubng  hudwuyuwnwupwbupup
t1, ., ty pipdbpny: Uy phwypnud Yuubkbp, np t° phpdp wnwgyl) b ¢t phpdhg o
nbknunpduw jhpupdwb wpyniupnid:
Uwhdwimd 1.1.9: thgnip t €A b /= {t;/xq, ..., ty/xz} npllk nbnunpnud
Yuubklp, np ¢ wbknuppnipjutt Yhpwenwdp ¢ phpdh ypu poygunpbih b bpk
gujugws i =1,..,n hwdwp x; thnhnpuowlwih ny Uhp wmquun Uninp ¢t phpdmd sh
qunuynud ¢; phpdh wquu tnthnfuwfububplt ogiiwugnpédnng nplk wpunpulunnph
wqnlkgnipjut nhpnypenud:
Uttp Ynhinnupltup dhuyt ninunpnudubph poyjuwnptih Yhpunnidubp:
Uwhdwbimyd 1.1.11: ¢; b t; phpdbipp juiduibkiup Ynugpnibin (Yupwbwltup
t; = tp), iph t; phpdp uvnwugynud k ¢; phpdhg n = 0 whqud juwyqws thnthnpwljwuith
Jipuijuiunuiny: Nuwjiwiuwynpdtup htnwquynud Ynugpnibun phpdtipt hpuphg
suinuppbipk:
UwhdwbimyJ 1.1.12: 8mipwpwibgmip phpdhtt hwdwyunuupwinipyut dke
nuklp Valy (t) hwunwnnip, npnbkn  t € Ay, a € Types, FV(t) € {yy, .., yn}, yi €
Voo Vo =< Y9, 0, ¥ >, 90 € a;,a; € Types,i = 1,..,n,n > 0:
1. ©pht=c,c€a,a€ Types, myu Valy (t) = c:
2. Bpht=uxx €V, myu Valy (¢) =y, wj npbwpnud, kppx = y;, 1 < i < n:
3. Gpht=t(ty, ..., tx) € Ag, T € Ajg,x_xay—p) ti € Aayp A1y ey &k, B € Types,i =
1.,k k > Lwwp Valg (1(t;, .., ;) = Valy, () (Valg, (t,), ..., Valg, (t))

4. Gph  t=Axg .k [T] € Ajgyx xeop TE Mgy X EVpi=1,.,k k21,0, ..,
ap, B €ETypes, i #j=x; #x5, i,j =1,...k, muw Valy (Ax; ... x;[7]) € [a; X
X = Bl b juduwmlub %o =< x7, .., x¢ >,x) € @;,j = 1,...,k hunlwp
mbbkbp Valy (Ax; .. x [t (%) = Valg 3(t), npunkn FV(Ax; .. xi[t]) =
Wiy oy} 520,75 =< Vi wr Vi) >
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Uwhdwbim 1.1.13: Yhgmp ty,t; € AWFV(E) UFV(t,) = {y1, 0, ¥ Vi € Vo €
Types,i =1,..,n, n=0: Yuuklp, np t; b ¢, phpubkpp hwdwpdbp L (Gaowbwlkup
t1~ty), kpk Judwulub y, =< yf, ...,y,? > hwdwp, npnkn ylp € a;,i =1,..,n, mknh
niith hbnlyuyp. Valy (t) = Valy, (t,):

Yhunuplkbp hkwnlyw) hwjuuwpnuibph hudwlupgp

Fi=1
€y

By =1,
npnbn F; €V, i# j=>F # F, 1, € A, FV(ty) € {Fy, ..., .}, a; € Types,i,j=1,..,n,n =
1:

Uwhdwimd 1.1.15: Wpiaq X .. X ay, = a; X .. X @y wpnuwulbpnudp, npp
uwhdwifmd b htnlyuy Yhpy  Wp(g) =< Valg(ty), ..., Valg(t,) >, npnlin g € a; X ... X
ap, Juywubkiup (1) bhwdwuwpndubph  bhwdwlwupghtt  hwdlwwywnwuppwing
wpnuwunlbipnud: (§);-ny wpwbwlkup g-h i-py Yndynuktnp(l < i < n): Quukp,
np f € @y X ... X a, hwighuwbnud k (1) hwdwlwupgh nisnid, kpk We(F) = £

Uolhumwnwupnid gnyg £ mipdws, np (1) wmbuph juduyuljut hwdwlwupg niih
thnppuignyjt (nidnu:

Uwhdwimy 1.1.16: Thgnip ¢ € a, a € Types,ord(a) = 2: § wpnuyuunljtpnudp
Juiuduutup EdPtnhy ukpjuyugynn hwuwnwwnntl, tptk qnynipinit niuh (1) wnkuph P
hwdwljwpg, npuntin F; € V, & npp sh oquunugnpénid > 1 Jupgh hwunwwnnitubkp, huy
ogqunugnpdynn 1 Jupgh hwunwwniuubpp hwydupltih $niuljghmkp tu b, tph <
f1, or fn > P hwdwljunpgh thnppugny jnsnud b, myw f; = ¢:

UwhdwimyJ 1.1.17: (1) wbuph hwwuwpnidubph hwdwlupgp Ynyynud E
dpwghp, btpk Gpwind oquugnpéyws 1 Jupgh hwunmwwnnibubpp hwydupybh
Iniljghwibkp L, = 2 jupgh hwunmwwnnibuibpp Epdtljinhy ubplyuyugynn tu b F; €
Vimkom) (k 2 1): Fy = 7 hujwuwpnudp Yngynud £ P dpugph giuwnp hurduwuwpnud,
huy f, = (f)1 Ynsynud £ P dpugph wbpwpd Yhnh ubdwinhu, npinkn f-u P dpugph
thnppuigny (nudnudl k:

Lowbwlkip WD) = 0, WLT(Q) = Wp(W5(Q)), npubny OQp a; X ..X ay,
puqunipjui thnppugnyl LEdkuntu k, j = 0:

2Upuwtnwliphg htintimid k, np kpk wipqus & P dpughp b f =< fi, ..., f; >-u P
Spwgph thnppugniph st b, wygw f; = sup{(PE(Q)); | k > 0}, kpk ord(f;) < 2,i =
1,.,nn=>1:

NMuydwbwynpytup t,-ny wpwbwlby ¢ phpdp, npnud dhpuyws k v Eupwuptpdh dh
nplk dnunp, huy t-ny wpwbwlkup wyt phpdp, npp wvnwugynid t ¢ phpdhg $hpudws
Eupwpbpdh thnfjuwphtudwdp v’ phpdng:

' Huraanr C.A. OyHKuyoHanpHbIe S35IKH IporpaMmMmuposanus. Ilporpammuposanue, Ne 5, 1991, c. 77-
86.
2 Hurmsa C.A. O6 wuHrepmperanuu (YHKIMOHAIBHBIX S3BIKOB  IPOTrPaMMHPOBAHUL.
ITporpammuposanue, Ne 2, 1993, c. 58-68.

8



Uwhdwimyd 1.1.18: f-ntnniljghuyh qunuthwp Ynsynmd E qnuygbph hhnlyug
puqUnipnip.
B = {< Axy o xp [T](te, oo, tr), T{E1 /20, oes i /X0 } > |
X € Vg ti €E Mg, TE N a; ETypes,i=1,..,k,k =1}
by npoud Axg .. xg [Tl (ty, -, t)-p Ynsynud & B-nhnbipu, hul t{t; /x4, ..., t /%31 Ynsynid
E wyn nknkpup thwptp:
Ujunthtn wju pwdinud Yphwnwpltup dhuytt wjiyhuh ptpdkp, npnup sku
wupnibwlnud = 2 upgh hwuwnwnniubp:
6-nhinnijghuyh b hpwwi J-nhgnijghwjh  qunuthwpubpp Yipgdus tu
lwohiwiwiiphg: Ujunihtinn Joquugnpstp hpwfwb §-nhnnijghuyh qunuthwpp b
npu htwn JuwyJws wpnniupubpp:
§-nybpup nitth f(ty, ..., tg) nbupp, npunby f € [MX > M), t; € Ay, i=1,... kk =
1: Lpw thwpbkpt jud m € M hwunwwnniip b wyy ghwpnd f(ty, ..., ) ~m, Jud ¢;
Eupwpbndp, 1 < i < k b wyy ghypnud f(¢, ..., t) ~ &
f U §-ntignmijghuyh quputhwupp wpwbwlktp F6-nd: NMwypdwbwynpdtp F6-
nhnnijghwt whjub] nkinnijghw, f§-ntinkpup wijut) nkintpu:
Uwhdwnud 1.1.24: Ywubp, np ¢t phpdp tnpdwy &bk, Epbk tpuinod siw nhnkpu
hwiunhuwgnn Eupupbpd: Unpdw dubph puqunipniip Yupwbwltup NF-ny:
UwhdwbimyJ 1.1.34: Uwhdwukip FS 1phy nbnunpdwt hnkpyplwnwghugh
wgnphpep:
Unuunp: (1) wikuph P spwghp b t plpd, FV(t) € {Fy, ..., F.}:
Bp: FS(P,t) € NF,FV(FS(P,t)) N {Fy, ..., ,} = @, tpk FS-p npnpqws & P-h b t-
h hwdwp:
1. ek teNF u FV(t) Nn{Fy, .., F} =0, myuw t, wjuwhku Lpk ¢t € NF, wywu
wtighit pwy) 2-hl, wpuwbu wugk) puyy 3-his;
2. Epkt=t; br-ut phpdh wdbktwdwlu nknkpub B, wyw FS(P, ty,), npunkn 74-
1 7 nhintpup thwpkpu k;
3. FS(P,t{t1/Fy, ... T/ E}):
Uowwnwiphg htinbinid E, np FS wignphpdp 1npy £ b wthwlwubh:
1.2 pwdimd uwhdwidmd btu S-expressions pwuqunipnibip, S-$pniuljghw,
hwoqunlbih S-dniuljghw hwuljugnipniutpp:
Uwhdwimu 1.2.1: Yhgnip Atoms = {ay, ..., a,} (n = 2) munndubph puqunipnil
E: Uwhuwlkup S-expressions puqunipmniip:
1.Gph t € Atoms, muyu t € S-expressions:
2.65pki ty, ..., t, € S-expressions (n = 0), myu (t; ...t,) € S-expressions:
Bpypnpn YEnny vwhdwiqus LEdbunubpht widuwind o gnmiguljubp: Gpeh
(t1 .. ty) gnigul] k, wyuw t;-p Yngynud £ gnigwyh quonifu, (¢, ...t,)-n' gnigulh wns,
npwukn ty, ..., t, € S-expressions (n > 0):

! Buda ghyan L. E. A Necessary and sufficient condition of completeness of computation rule for
strong typed functional programs. Proceedings of the Conference of Computer Science and Information
Technologies (CSIT-2005), Publishing House of NAS of RA, 2005, p. 16-19.
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Uwhdwlnmd  1.2.2;  “hgmp B c S-expressions® (k=1): f:B —S-
expressions (k = 1) dniuljghuyhtt jutdubkup S-pniuyghu:

f S-pnughwt Yihth hwoquplth dniuljghw, tpk qnnipmnit niuh @yniphugh
Ubpkuw, npt hwoyupynud | wyn $niughwie:

13 pwdimd uvwhdwidnmd bEu wpws Inulghnbwy (kqdh  ubpypdus
hwuwnwwnniuubph puqunipjut (phynipjut b dhthdywnipjut hwujugmpiniuutpn:

Utup Ynhunwpytup spugpuynpdwd $niiyghniiwg (kqnitikp, npnup npnoynid
Eu Ll =M, C, X, T) punjuljny, npinkn’

M = S-expressions U {1} dwubwlh Ywpquynpjws pwqunipjnitb k, npunbn
guiljugus m € M hwdwp LEm um E m:

C=MUVY¥, npntn Y-u =1 Jupgh hwununnibibp kb, npnp oquinugnpdynid
ku L (kqyh spwugpbpnid:

X-p thnthnhowwbttph puqunipinitt k:

T < A(C, X), npunkn A(C, X)-p ptputp G, npnup jupnigynd kb ogunugnpstiny
hwunwwnniuibp b hnthnwlwukp dhuwyt € b X puqunipinitubphg:

H(L)-ny wpwuwlkup L 1kqyh dpwgpbph puqUmipiniup, npntn F; € X,7; €T,i =
1,.,nn=1

Uwh'wim 1.3.1: Quubklp, np f : B — S-expressions (B © S-expressions®, k >
1) S-pniuyghwit spwqpuynpbih £ L =M, C, X, T) 1kqynud, tph gnnipjnit niuh P €
#(L) dSpwughp, wjuyhuht, np wknh niuh hbnbyjup.

+ tpkm € B, wupw f (M) = £(m);

+  Lphkm € S-expressions® \ B, muyu fp (M) =L1;
nputn fp-u P dpwugph wipwpd Yhnh ubdwtnhljut k:

Uwhdwbimy 1.3.2: Quukp, np ubpnpyus hwuwnwnniuiiph ¥ puqunipniup
by kL =(M,CX,T) kqyh hwdwp, npntn € = MUY, tpt juduwyulul f : B — S-
expressions (B € S-expressions®, k = 1) hwpjupykh $niyghw Spwgpuynptih & L
1Eqynud:

Uwhdwimd 1.3.3: Ywubtp, np ubkpypdwd hwuwnwnnmbbbph ¥ phy
puqUmipmniup dhuhduy £ L=(M,C X, T) (kquh hwdwp, npunbn € =MUY¥, bLphk
Judwjyului ¢ € ¥ hwdwp ubpypdus hwunmwwnniuubph W\ {@} puqunipmniun ;phy sk
L'=M,C', X, T") 1kqyh hwdwp, npntn ' =M UWY\{p}, T'cT:

Qniju 2-nd phunwpyynud o phynipjutt b dhthdwnipjutt  junhpubpp
Spwgpuynpuwt $niiljghntiv (Egnikph hwdwp, npnup oqunugnpénid L Lisp 1kqyh
Ukpnpwd miyghwbp: Gpypnpn goijup punjugus ttptp pudhutitphg:

2.1 pwdimd wpynud L wbhpwdbon vwhdwindubp b oquugnpéywus
wpnniupubp:

YUnhwnwpykup spugpuynpldwt $niuyghniwy (kqnitkp, npnup npnpynud ku L =
M, C,V, A(C,V)) punjulny, npwnkn M = S-expressionsU{l}, C = M U {car,cdr,

cons, atom, eq, if _then_else},  car,cdr,atom € [M - M], cons,eq € [M? - M],
if _then_else € [M3 - M].
my, bk m = (my ...my), m; € S-expressions,i =1,..,k,k>1
car(m) = {
1, vlugwé nlwyplpnid
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nil, bptm = (my), m; € S-expressions
cdr(m) =< (my ..my), bk m = (my ...my), m; € S-expressions,i =1,...,.k, k> 1
1, Ulnugué nkuypkpnid
((mo), kpl m = nil,my € S-expressions
(my my ... my), Epk m = (m, ...my), m; € S-expressions,
Cons(m"'m):i " i=0,.z.j.,k,k21
1, Ulmgué nkuypkpnid
t, kpk m € Atoms
atom(m) = {nil, kplk m & Atoms,m #1
1, dhwgué nbuypkpnid
t, hplk my,m, € Atoms, m;y = m,
eq(my,my) =< nil, Ekpk my,m, € Atoms, m; # m,
1, diawgué nlkuyplbpnid
m,, kplk m; € S-expressions, m; # nil
if _then_else(m,, my,, m3) =< ms, kpk my = nil
1, dhwugus pbyplkpnuf

§-nknnijghwih qunuthwpp vwhdwbkip htwnbjuy diny®
< f(my),m >€ §, nputy f € {car,cdr,atom}, m;,m e Mt f(m;) =m
< g(my,my), m >€ §, npukn g € {cons,eq},m;,my,m € M L g(my,my) =m
< if nil thent, else t,,t, >€ §, npunkin ty,t; € Ay
<if mthent, elset, t; >€ §, npnninm € M,m # nil,m #1 t1,t, € Ay
<if L1 thent; elset, L>€ §, npukn ty,t, € Ay

lUlzluulmulhphg htinbnd E np 6- hwinhuwind £ hpwlwt §-nkinniyjghwgh
qunuthwp:

Lowlwlkup ® = {car, cdr, cons, atom, eq, if _then_else}:

2.2 pudimd ntuntdiwuhpynud |k @ puqunipjub (phynipniiip:

Ehnptd  2.2.1. Ubkpppdws  dmiulghwibkph @ puqunipmibp phd kL=
M, C,V,A(C,V)) 1kqyh hwdwp, npntn € = M U &:

npkd 2.2.1-p wmywgnighint hudwp Jogqunykup htwnlyuy (Euddwghg:

Lhidwm 2.2.1: 9hgnp wpjws b P spughpp: f=<f,,..,fp > P dpugph
thnppugnyb jmdnudt b Bupwnpbup P’ dpughpp unwgyly kP dpwugphg hbwnlyuyg
tpym puygibpp Juinuptyng.

1. P épwqphg hinwgul) i-py hwjwuwpnudp,

2. P Spwgph Upnwu hwquwuwpnidubpnud F; thinthnjowluwih ponpp wqun

Unuunpbipp thnpuwphtiby fi-nd,
npntn i = 2,..,n,n = 1: Uy nhypnud” fp = fpr:

PBhnpbd  2.2.1-h wwywugnygmd phunwpynd £ judwywlut f: B — S-
expressions, (B c S-expressions®,k = 1) hwoqwuplykh $miuyghu: Ujy $niulyghwyhl

M NS .

! Buda ghyan L. E. A Necessary and sufficient condition of completeness of computation rule for
strong typed functional programs. Proceedings of the Conference of Computer Science and Information
Technologies (CSIT-2005), Publishing House of NAS of RA, 2005, p. 16-19.
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hwdwuywnwupjuwt P spughp E vwhdwignud: Uy Spughpp wuydwbwlwinpky jupkih
E pudwily bpbp hhdtwluw npudwpubulwi duubkph’
*  Unnwynpmd: Spwsd sy,..., s, € S-expressions (k = 1) hudwp junmgymd &
gnigul], npp hwdwwwnwupiwinid E sy, ..., sg-h tkpuyugdwip duywuytup
Ypu:
*  Unnuynpjwd gnigulp thnthnpuynud b unyb &b, hus @yniphugh dbpkuugh
duyu]kp’ wonunwiph pipugnu:
*  Uyulnpuynpnid: YUnnuynpus gniguiljh wuyyulnnuynpnud:

P spwghpp Yuquuws k21 hwjwuwpnidubphg: Ujn dpugph hwdwp junniggh
Py, Py, ..., Pyo Spugnptiph hwonpnujwunipinit, wyiywhuhl, np Pp-t P dpwghpl L, Py
Spwghpp Juwquyws E dky hwjwuwpnudhg, judwywlwu i=0,..,19 hwdwp
Pi1q Spuighpp uinugynud £ P; Spwuigphg htnbyuy kplyme puygibpp junuptng.

1. P; spmgqphg hknwgul) tpypnpn hwjuwuwpnidp,

2. P; spwugph Uniu hwjyuwuwpmudubpnud Epjpopy hwjuwuwpdwi dwpe dwuh
thnpnjiwfuih  poppp - wquwn dmunpbpp thofewphtitp - Ephpopy
hwjwuwpdwi thnppugniy (nidnidny:

Ghpwnkiny Liddw 2.2.1-p junwgyp, np judwyuljut i =0, ...,20 hwdwp fp =

fPi:

udwyulwib i = 0, ...,19 hwdwp P; spwuqph tphpnpy hwjuuwpdwh we dwuh
wquun  thnthnpjupwlutubph  puqUmpniup wwupnibwlnud - wdbbwpwnp dbYy
thnthnpowlut, npp hwdpuund b owyn hwjuwuwpdwi dwp dwunid  quoidng
thnthnjuwluith htin: Munh wyy hwjuwuwpnudp upnn b ol P; dSpugph Ujniu
hujuwuwpnudubphg wuwj: 8nipwpwsnip htnwgynn hwjuwuwpdwi thnppugnyh
nudnudp npnoynid £ hunnijghuyh dkpnngny:

2.3 pudumd ntuntdbwuhpynud | @ puqunipjut dhthdwnipeiniup:

Ebnpkd 2.3.1. Ukpppyws dniuljghwiiph @ puqunipniin dhuhdwy £ L =
M, C,V,A(C,V)), C=MU®, [kquh hwdwp, npt ogunugnpdmd E Lpyniuhg wykih
wwnnu:

Phnpbd 2.3.1-p wywugnigynid k Lhddw 2.3.1-2.3.6-h dhongny: Snipwpwisjnip
Edduynud nhunwplynud £ @ puqunipjub Ukl dnibljghw’ f € @, b gnyg k waipnud, np
@\ {f} puqunipmiup ;phy sk L = (M, C, V, A(C,V)) 1kquh hwdwp, npntn € =M U (@ \
h:

L=(M,C,V, A(C,V)) 1kqyh hwdwp, npnty C =M U (@ \ {f}),f € P, P\ {f}
puqunipjul ny |phynipiniup gnyg L wnpynwd hinlyjuw) dung®

e Yhunwplynd £ g hwoguplitih S-dniujghwia:

* Bupwnpynud k, np g $nrtuljghwt Spugpuynplih b L (hqynud:

*8nyg Lt wpynud, np npnp  dntnpughtt wfjujukpp hwdwp  FS
huntpypinwghwh wignphpdp phy sk ntunp unwugyniud £ hwjuunipnt,
uyuhupl’ g $niuljghwub Spugpuynpbih sk L {kqynud:

frlnpkd 2.3.2. Gplynt wwnnd oquiwgnpénn (Eqniukph hwdwp niukup®
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1. ubpgpdus dmuyghwitkph @\ {eq} puqumpmitp 1ppy £ b dhupduy L =
M, C,V,A(C,V)) 1kqyh hwdwp, npnkn € = M U (P \ {eq)}):

2. Yuwdwjuluiu f € ®\{eq} hudwp ubkpypyus dniulghwutph @\ {f}
puqunipnin phy sk L = (M, C,V, A(C,V)) 1kquh hudwp, npntn € = M U (@ \ {f}):

PBnpkd 2.3.2-p wwugnigymu t hkwnlju; dunyg: 8nyg L wpynud, np eq
Inijghwt tkpuyugdnud kL = (M, C, V, A(C,V)) 1kqnud, npl oguinugnpsdnud L Eplyne
wnnd bt € =M U (@ \ {eq}) ubkpypyws hwunmwnnmbibph puqunipniip: Uuugnygh
hwdwp oqunugnpéynid tu hwh Lhddw 2.3.1-2.3.5-ubpp:

Qniu 3-nud phuwplynud Bu phynipjut b dhuthdwynipjut junhpukpp FP
1&qup hwdwp: Bppnpy gnijup punfugus b snpu pudhutibphg:

3.1 pwdumd wpynud L wbhpwdbon uvwhdwinulubp b oquuugnpddud
wpryniupubip:

‘Ljwpwgptup FP 1kqyp (M, C, X, T) punjulp:

M = S-expressions U {1}, npubrn Atoms pwuqumpniip wwpnibufmd L
wnujuqt  tplip  wwnd’  true, false, nil € Atoms:  true L false wwndubpp
hudwywunuupwind Bt mpudwpwbwlui gdhon b ujow) wpdbtpubpht, hull nil
wwnndp hwdwywwnwupwbind £ punwupl gniguljhl:

Ljwpugpkup € puqunipinitp: € = M U C; U G, npinbn -t wnwghti Juipgh
hwunwwnitbpt B (pniulghwikp), C-p Gpypnpn Yupgh hwuwnwwnnibubpt bu
(nrulghntiwitip): Yoquugnpstup 'wopwnwipnid vwhdwijus hwunwnniutkpp:

C; ={id,hd,tl,apndl,eq}: ‘Upkup, np tpk f€C;, wywu fe[M->M]:
Uwhuwutup npuup gmujugus m € M hudwp.

idlm) =m
hd(m) = {ml, kplbm = (my ...my), m; € S-expressions,i =1,..,k,k =1
1, diwgwé nlkuplpnid
nil, kpkm = (my), m; € S-expressions
tl(m) = {(mz wmy), bpbm = (my ...my), m; € S-expressions,i =1,..,kk>1
1, Ulnugué nkyplkpnid
(mg my ... my), Epkm = (my (my ... my)), m; € S-expressions,
{ i=0,...kk=>1
apndl(m) = (my), Lplkm = (mg nil), my € S-expressions
(L , Uinuguis nkugplpnid

false, Ekpkm = (my my),my # m,, my, m, € S-expressions
1, Ulnugwé plyplpnid
C, puqunipniup punugus k htwnbjw) snpu dniiljghniwubphg:
Composition:
comp € [[M > M]? > [M - M]] b guiljugus g,h€[M - M] dniulghwlkph
hwdwp comp(g, h) = f € [M - M], npp npnpynud | htnlyuy Yepy. gmujugus m € M

true, ELpkm = (my m,),my = my, my, m, € S-expressions
eq(m) =

Y vpgpymt U.U., Pnigunywé L[.F. Opugpuunpuub $niblghnim) hwdwyupgkp: 602
Zpuunwpulsnipntl, 2006, 56 te:
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fm) = g(h(m))

Construction:

constr € [[M - M]? > [M - M]] b guwulugws g,h € [M - M] dniulghwlbkph
hwdwnp constr(g, h) = f € [M - M], npp npnoynud | htnlyuy Yhpw. guijugus m € M

fm) = (g(m) h(m))

Constant:

constE[M->[M—->M]] b gwijugus my€M hwunwwnniih hwdwp
const(my) = f € [M - M], npp npnoynud | htnlyuy Yhpy. guijugus m € M

my, bphm #1
flm = {J_ , Epkm=1

Condition:

cond € [[M » M]® > [M > M]] b guiljugws p,g,h € [M > M] $mulghwikph
hwuwp cond(p, g,h) = f € [M - M], npp npnpynid £ htnbjw) Yhpy. gutljugus m € M

g(m), kplp(m) = true
fm) = {h(m), kplkp(m) = false
1, dhwgué pbuypkpnid

Onthnfuwljwbtkph puqunipnibp hbnbyjuyu B X = {F; | F; € Vo), i = 1}

T-u wyb phpdbiph pwquUnipniut b, npnup jupmgdmd ki oquuwugnpsting
hwunwwnnitibp b hnthnjuwububtp € b X puqunipnibtnhg, pipdh vwhdwidwi 4-
pn Ytwnp sh oquugnpédynid, hull M puqunipjumt bEdkuntbpp oqguugnpéynid tu
dhwyjt npybu const dniuljghniwh wpgnidbunh wpdtp:

3.2 pudumu ntunidbwuhpdmud £ €; U C; puqunipjub (phynieniip:

fEnpbd 3.2.1. Ukpnppdus hwunmwwnniuubph €; U €, puqumipniup 1phy £ FP
1EqUh hwdwp, npntn € =M U C; U Cy:

Uju ptinptvh wywugnygp juunwpynwd £ @hnpkd 2.2.1-h tdwi:

3.3 pudumu ntuntdiwuhpynud £ €; U C; puqunipjut dhthdwinipniup:

Ehnptd 3.3.1. Lkpypywsd hwuwnwwnntbph €; U €, puqunipniup dhuthdw) & FP
1Eqh hwdwp, npnid oqurnugnpéynid L Epkphg wykih wnndubp:

hnpbd 3.3.1-p wywugnigynid k Lhddw 3.3.1-3.3.9-h dhongny: Snipwpwiisjnip
Edduynud nhinwplynid £ @ puqunipjut dky tkpppdws hwunwnni’ ¢ € @, hgnyg b
wnpynud, np @ \ {¢} puqunipiniin ;phy sk FP 1kqh hwdwp, npntn € = M U (@ \ {¢}):

FP 1kqyh hwdwp, npuntny C=MU (@ \{p}),p € P, ¢\ {¢} puqunmpjui ny
rhynipinitp gnyg k nipgnud hknlyuy dung®

*8nyg b wpynud, np phuwplng  Equoud - Spwgpuidnpbih - pnp - S-

Inuhghwbpp puupupnid Bu bkl jud vh puth wuydwih:

* 8nyg L wpynwd, np gonipnit nith hwoduplbjh S-$niulghw, npp sh

pujupupnid ghunwplyny wuydwutbphg npbk dkYhi:

flnpkd 3.3.2. FP (kqyh hwdwp, npnid ogunnuugnpdynid ku £hown Eplip wwnndbp,
wkinh niuh htnlyup.

1. Ubkpppyws hwuwnmwwnniiubph € U G \ {const} pwuqunmipniip phy E b
Uhuhuwy:
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2. Guduyulwi ¢ € C; U G, \ {const} hudwp ubpnpduwé hwuwnwwnnibph ¢ U
C2 \ {9} puqunipjnitip |pho sk:

Phnpbd 3.3.2-p wyugnigynid E hinlbyuy duny: 8nyg E wnpynd, np judwywljut
hwuwnwwnnit dniuljghwb ubpjuyugynid £ FP (kqynud, npt oginuugnpénid k kpkp wnnd
b MU (@ \ {const}) ubpypws hwunwwnnibtbph puqunipmniip: Uywgnygh hwdwp
oqunuugnpdynid L twl Leddw 3.3.1-3.3.8-ukipp:

3.4 pwdunud nhunwpyynud &u FP (kquh Gpkp dnphdhiughwibkp: 8nyg L
npynud wyy (kqnittph tkpypué hwunwnmutbph puqunipniuttph (phynipiniut nu
Uhuhuwnipniin:

L®-ny tpwtwlktp FP {kquh wjit Unnhdhiughwl, npunkn eq $niulghwb
npnoquwsd E dhuytt winndubph hwdwp b wkjugdws k atom dniuljghwi:

true, Lpkm = (my m,),my = m,, my, m, € Atoms
eqW(m) = {false, Lpbm = (my my), my # my, my, m, € Atoms
1, dlwugué pbuypbpnid
true, kpkm € Atoms
atom(m) = {false, bpEm #1,m ¢ Atoms
1, diawguspbuplkpnid

Lowtwhkup @ = {id, hd, tl, apndl, atom, eqV} U {comp, constr, cond, const}:

L®-ny wpwhwlklp FP 1kqh wylt Unphdhughwl, npinky npudwpuiulwh
upuw bt hwdwywunwujpwinud k nil wnndp: Zudwywnuuwbupunp hinthnpguws Bu
twh eq dniughwi b cond Iniughnbiwgp:

true, kpkm = (m1 mz), my=m, my, My €S
eq®(m) = nil, Epktm=(m;m,), m;y #m,, m;, my€S
1,  dhwgwé pbuypkpnid

cond® € [[M - M]? - [M - M]] L guiljugus p.g,h€[M- M]
$niughwikph hwdwp cond@(p, g, h) = f € [M > M], npp npnpynud b hkwnlyuy
Ytpy. guujugus m € M

g(m), Lpkp(m) # nil,p(m) =L
f(m) =1 h(m), Epkp(m) = nil
1, vlnugué nlyplpnid

Lowtwhkup @@ = {id, hd, tl, apndl, eq®} U {comp, constr, cond®, const}:

L®-n] wpwhwlhkup FP {kquh wji Unnhdhljughwil, npunkn eq dniulghwb
npnoqws L dhuyt  wunndubph  hwdwp, wdbugqus Lt oatom  dniuljghwly,
npudwpwwlju upiwhle huwdwywwnwujwnd k nil wwnnup:
Zudwyuwunuwupwbwpup  honjuduws o bwb eq,atom $niuljghwbtpp b cond
dnruyghniiwgp:

true, kpm = (ml mz), my; =m,, m;, m, € Atoms
eq®(m) = {nil, kplm = (m1 mz), my #m,, my, my, € Atoms

1, dhwgué pluypbpnid
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true, kpkm € Atoms
atom®(m) =< nil, kpkm #1, m & Atoms
1, Ulnugwé nlyplpnid
cond® € [[M - M]? - [M - M]] [t gubljugus p,g.h €M - M]
$niughwikph hwdwp cond®(p, g, h) = f € [M > M], npp npnpynud E hknlyuy
Ltpy. guuljugus m € M
g(m), Ekpkp(m) # nil,p(m) #1
f(m) =4 h(m), kpkp(m) = nil
1, Ulnugué nlyplpnid
Lowbwljklp ®® = {id, hd, tl, apndl, atom®, eq®} U {comp, constr,
cond®, const}:
@tnphd 3.4.1. Ukpppywd hwunwnnibiibph @O puqunipmibp ;phy b LO
1Eqyh hwdwnp (@ = 1,2,3):
bnpbd 3.4.2.
1. ‘Ukpypyws hwuwnwinmbibph @@ puqunipimbp dhuhdwy £ L® (kqyh
hwdwp, npnid ogunugnpdynid ku tptiphg wykjh wnndubin:
2. Ubpgpduws hwunwnmitbph @@ puqumipmibp dhuhdwy b LO (kqdh
hwdwp, npmd oginugnpéynid ku Epyniuhg wykjh wnndukp (@ = 2,3) :
bnpbd 3.4.3.
1. L® jkqyh hwdwp, npnid oginugnpdynid ki kpkp winnutkp, nknh muh
htwnljup.
«  Ubpppws hwunwuinnittbph @M\ {const} puqunipmitp phy kU
dhtuhdwy:
c Yudwjului ¢ € @MW\ {const} hwdwp tkpyplws hwunwnniikph
®M\ {¢} puqumipniiap jph sk:
2. L® {kqdh hwdwp, npmid ogunugnpdynid ki kplnt wnndukp, nknh nith
htwnlywp.
«  Ubpppus hwunwnmtbph @@ \ {const} puqumpmitp phd kb
dhupuwy:
+ Yulwului ¢ € @@ \ {const} hwdwp ukpypluws hwunwnnbikph
®@\ {p} puqUmpiniuip [phy sk:
3. L® {kqh hwdwp, npnid ogunugnpdynid ki kplnt winndukp, nknh nith
htwnlbywp.
«  Ukpppws hwunuinnibtbiph @\ {eq®), const} puqunipinitip |phy &
b vhuthuwy:
o Gudwjuluwlb @ € DB\ {eq®, const} hulwp ukpnpyws
hwunwnniutbiph @@ \ {¢} puqunipnitp ;phy sk:
Uju phnpbdutnh wywgnygubpp hbnbnud Eu hnpkd 3.2.1, 3.3.1 1 3.3.2-hg:
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UCUSUULLE zhULUUUL UMBNRLLLEND

Uwnbktwpununipju oppwbwljutpnid juwnwpyws hnmwgqnunnipiniuubpp pbpkp
Eu htnlyuy wpnyniupubph.
1. Ukpppquwsd $nrulghwibph = {car, cdr, cons,atom, eq, if _then_else}
pulqunLIa]ulh hwdwp unwgyty £ hhmh]ulm

8nyg Lt wpdbk, np judwyulwb  f : B — S-expressions (B € S-
expressions®,k = 1)  hwpyupyth  dmulghw  Spwgpuynpth  k
Spugpuynpuwt dniughniiwg 1kqynid, nptt oquraugnpénid | @ puqunipjui
dnruyghwkpp [1]: 8nyg & wipdty, np Epyniuhg wybh wnndubph ghypnid
@ puqunipniup vhthdwy k[2]:

8nyg t wpyk], np tpynt wnndubph phypnd judwyulwb f: B — S-
expressions (B c S-expressions®, k > 1) hwoJupltih dnruljghwm
Spugpuynplih o Spwgpuynpdwt Pniuljghntwy  Eqynud,  npl
oquuuugnpénid k@ \ {eq} puqunipjut niiljghwtipp: 8nyg k wpyt;, np ¢ \
{eq} puqunipjniup vhuhdw b Uywugnigyty k twl, np juduwyulub ¢ € &\
{eq} hwdwp ny pnnp f : B — S-expressions (B © S-expressions®, k = 1)
hwoqupltih $ntulghunkpt ku Spugpuynpkih (kqynid, npt oqgunuugnpénid
E @\ {¢} puqunipjut dniughwmkpp [2]:

2. ‘uhpgpus hwunwwnnibkph ® = {id, hd, tl,apndl, eq} U
{comp, constr, const, cond} pmqunipju hwdwp unnwgyty Ehtnbjw)p.

8nyg k wipdb, np Juduwywlwb f : B — S-expressions (B C S-expressions)
hwoqupltih dniuljghw spugpuynpbih £ FP (kqnud, npi oqunuagnpénid k£
¢ puqUmpjui hwunwwunibubpp: 8nyg L wpydl], np Epkphg wybkh
wwnndutiph nhypnd @ puqunipniup vhtthduy  [3]:

8nyg Et wpyk], np Lpkp wwnndubph nhkypnd jwdwjwlwb f: B — §-
expressions (B ¢ S-expressions) hwpqupltjh niujghw dpwgpunpbjh k
FP (kqymud, npb  oquugnpémd E @\ {const} puqunipjule
hwuwnwwnnitpp: 8nyg b wipdbg, np @ \ {const} puqunipniup dhhduy b
Uwyugnigyty k bwl, np juduwyului ¢ € @ \ {const} hwdwp ns pnpnp f:
B — S-expressions (B c S-expressions) hwpquplih $niuljghwibptt tu
Spuwgpuiynpljh FP (kqynud, npbt oquuugnpénid Lt @\ {¢} puqunipjui
hwuwnwwnniiubkpn [3]:

3. Thwwpldby Eu FP (kqyh Unnhdhljughwbbp: 8nyg t wipdby, np judwywljut f :
B — S-expressions (B c S-expressions) hwoquplbih Iniuljghw
Spwgpuiynpbh E wyn (Egninkpnud: 8nyg b nipdty, np oqunwugnpéyws ubkpnpyus
hwunwwnniiubph puqunipniaitpn dhuthdwy u [3]:
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PE3IOME
Maprupocss I'eBopr Apryposuy

“O BCTpOEHHBIX KOHCTAHTAX (PyHKI[MOHATBHBIX SI3bIKOB
IIPOrpaMMUPOBAHUSA”

B  pmanHo#i  pabore  HMCCIeAyIOTCS  CBOWCTBA  (DYHKI[MOHAJbHBIX  SI3BIKOB
[IpOrpaMMUpOBaHUs. IIpeMeTOM HCCIe[OBAaHUSA ABISIOTCA IIOAMHOXKXECTBA BCTPOEHHBIX
KOHCTAaHT (byHKI.U/IOHaJILHLIX A3BIKOB HpOI‘paMMI/IpOBaHI/I}I, a paCCMaTPI/IBaeMBIMI/I
Ipo6ieMaMH - TI0JIHOTa M MUHUMATIbHOCTb STHX ITOJMHOXECTB.

B paGore MaxkapTu ompezesseTcs s3bIK LISp, KOTOPHIH SIBIAETCS IIEPBBIM S3BIKOM
GYHKIIMOHAIBPHOTO IIPOrpaMMUPOBaHUA. IIpeiIMeTHBIM MHOXeCTBOM s3bIKa Lisp saBmgecTcs
MHOXECTBO S-BblpaxKeHUH (S-expressions) - aToMbl U COCTaBJI€HHbIE W3 HUX CIUCKA. B
pabote Maxxkapru OIIpe/ieIeHbL SJIeMEHTapHbIe BCTPOEHHBIE byHKIMM
car, cdr, cons,atom, eq,if _then_else, ompeneneHHble Ha MHOXecTBe S-expressions. Ha
ocHOBe  (yHZAMeHTAJIbHBIX  IOHATHI  fA3bIKa  LiSp  OBUIM  CO3ZAHBI  S3BIKU
Scheme, Scala, ML,SASL u Tax panee. MHOXecTBa BCTPOEHHBIX (YHKIIUH STHUX SI3BIKOB
COZiepyKaT BhIIIeyKa3aHHbIe dIeMeHTapHble QYHKINU.

B pa6ore Bekyca ompeneneH s3bIK (GYHKIHOHAJIBHOTO IIpOrpaMMupoBaHus FP,
IIpeAMETHBIM MHOXXECTBOM KOTOPOTO TaKXe ABJIAETCS MHOXECTBO S-expressions. B asbike
FP He WCHONB3YIOTCS IlepeMeHHBIE HYJIEeBOrO IOpsfKa (IIpeZMeTHbIe IIepeMeHHEIE), He
UCTonb3yeTcss  A-abCTpakiusf U  HUCIONAB3YIOTCA  IepeMeHHbIe IIEpBOTO  IOpPAZKA
(byuxumoHapHbIe ITepeMeHHbe). BO MHOXeCTBO BCTPOEHHBIX KOHCTAHT s3bIKa FP BXOZAT
ogunomectusie  ¢yukuum  id (Identity), hd (Head), tl(Tail), apndl (Append left),
eq (Equals) u byHLMOHAIB comp (Composition), constr (Construction),
cond (Condition), const (Constant), a Tak xe apyrue GyHKUUHU U QYHKIAOHAIBL.

HPE,I[CTaBJIHeT I/IHTePeC BI)IGPaTI) IIOAMHOXKECTBO M3 BCTPOeHHBIX KOHCTAaHT AAHHOTO
GYHKUIMOHATBHOTO — sI3bIKA, KOTOpoe Oyjer TOMHBIM (B 9TOM s3bIKE BO3MOXXHO
3aIIpOrpaMMHUpPOBATh KOKIYIO f : B — S-expressions (B c S-expressions®, k > 1)
BBI‘{I/ICJII/IMYIO ¢)yHKLLI/IIO, I/ICHOJII)SYS[ TOJIBKO OTHU KOHCTaHTLI) U MHWHHMAJIbHBIM (yﬂaﬂeHHe
J1060#1 BCTPOEHHO KOHCTAHTHI U3 9TOTO MHOXECTBA HAPYIIAeT IIOIHOTY).

Llensio ArCCEPTALIMOHHOM PabOTHI ABIAETCS:

1. I/IS MHOXeCTBa BCTpOeHHBIX q)yHK]_H/II‘;I A3BIKA HPOI‘PHMMI/IPOBHHI/IH LlSp BI:IGPaTI:
IIOJTHOE€ U MUHHUMAJIBHOE ITOAMHOKECTBO.

2. I/IS MHOXXeCTBa BCTPOEHHLIX (byHK]_H/H‘;I u (byHK]_H/IOHaJIOB A3BIKA HPOFpaMMHPOBaHHﬂ
FP BpIGpaTh MOIHOE ¥ MUHUMAJIbHOE II0ZMHOXXECTBO.

3. Paccmorpers Mopmbukanum sA3bIKa TmporpammupoBaHus FP. W3 MHOXecTB
BCTPOeHHBIX q)yHK]_II/II;’I nu (byHKIH/IOHEUIOB OTHUX A3BIKOB BI)I6paTB IIOJTHBI€ M MHWHHWMAJIBHBIE
IIOJIMHOECTBA.

19



B pesymbpTaTe ucCleZoOBaHWI, IPOBeJEHHBIX B NAHHOHM paboTe, OBLIM IIOTydYeHBI

ciieayiolrre OCHOBHbIE pe3yIbTaThI:

1.

Jns  MHOXecTBa  BCTpoeHHBIX  dyHkuuit & = {car, cdr, cons,atom, eq,

if _then_else} monydeHo cienyoiee:

2.

Ioxasano, uto kaxmas f : B — S-expressions (B ¢ S—expressions®, k > 1)
BeIYHCIdeMas (yHKIMS I[porpaMMupyeMa B  s3bIlke  (DYyHKI[MOHAJIBHOTO
IIPOTpaMMHUPOBAHUA, KOTOPBIH MCIOnb3yeT GyHKuuu MHOXectBa P. JlokasaHo
TaK ke, YTO €CJIM YKCJIO aTOMOB > 2, TO MHOXeCTBO ® MUHMMAaILHO.

JlokasaHo, YTO eC/IX YUCJIO ATOMOB PaBHO 2, TO Kaxzgas f : B — S-expressions
(B © S—expressions®,k > 1) seraucnsemas GyHKIHA TporpaMMHUpyeMa B
sI3bIKe (PYHKI[MOHAIBHOTO IIPOrpaMMHUpPOBAHIs, KOTOPBIH HUCIOAB3yeT QYHKIUU
muoxectBa @ \ {eq}. [lokasamo, uro wmuOoxectBo @\ {eq} MuHMMAaNBHO.
Joxkazano Tak ke, uyro mas kKaxzgoro @ € @\ {eq} mHe BCe f:B —S-
expressions (B c S—expressionsk, k > 1) BBIUUCI/IIEMBIE byHKIMK
IIPOTpaMMUPY€eMBI B A3bIKe, KOTOPHIi UcIonb3yeT bynkuuu MEOXecTBa P \ {¢}.
IOns  wmHoxectBa  BcTpoeHHbIXx  KoHcTaHT @ = {id, hd, tl, apndl, eq} U

{comp, constr, const, cond} nonydeHo cienyrouee:

Joxasano, uro kKaxgmas f : B — S-expressions (B C S-expressions)
BRIUMCIgeMas (QYHKIUA IporpaMMupyeMa B s3bIke FP, KOTOpPBIH HCIIONB3eT
KOHCTaHThI MHOXKecTBa P. [lokasaHo Tak >Ke, UYTO €CIM YMCJIO aTOMOB > 3, TO
MHOXeCTBO ® MUHUMAaIBHO.

JloxazaHO, YTO ecAM 4YWUCIO aTOMOB paBHO 3, TO Kaxjas f:B—S-
expressions (B c S-expressions) Beruuciagemas QyHKIUSA IPOrpaMMUpyeMa B
s3bIKe FP, KoTophIit ucnonb3yer KoHcTaHThl MHOXKecTBa P \ {const}. [lokasaHo,
yto MuOkecTBO P \ {const} munumanpuo. [loKazaHO Tak e, YTO [ KAXKZOTO
@ € ®\ {const} me Bce f:B — S-expressions (B c S — expressions)
BBIYKC/IIEMble (YHKIIMU NPOTpaMMUpPYeMbI B s3biKe FP, KOTOPBIH HCIIOJIb3yeT
dyuxuuu mHOXKecTBa @ \ {@}.

3. Paccmotpenst mopudukauuu sssika FP. JlokasaHo, 4yto kaxpas f : B — S-
expressions (B c S-expressions) BsruuciaseMas (GYHKIMS [pPOrpaMMEpyeMa B OTHX

A3bIKaX. JlOKa3aHO TakK >Ke, UTO MHOXECTBA WCIOJB3YeMBIX BCTPOEHHBIX (GYHKIUI

MHUHHMAJIbHBI.
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ABSTRACT
Gevorg A. Martirosyan

“On Built-in Constants of Functional Programming Languages”

The thesis is devoted to properties of functional programming languages. Objects of
the study are subsets of built-in constants of functional programming languages and
considered main problems are completeness and minimality of these subsets.

First functional programming language is Lisp, which is introduced by McCarthy.
The object set of Lisp is S-expressions (atoms and the lists constructed with those atoms).
McCarthy introduced some elementary functions defined on S-expressionsi.e. car, cdr, cons,
atom, eq, If then_else. Using the main ideas of Lisp some functional programming languages
were created e.g. Scheme, Scala, ML, SASL and so on. The set of built-in constants of these
languages contain the mentioned functions.

The object set of Backus FP language is also S-expressions. FP language doesn’t use
zero order variables (object variables), doesn’t use A-abstraction, and uses first order variables
(functional variables). The set of built-in constants of FP language contains
id (Identity), hd (Head), tl(Tail), apndl (Append left), eq (Equals) one  place
functions and comp (Composition), constr (Construction), cond (Condition),
const (Constant) functionals, and also contains other functions and functionals.

It shows interest in selecting a complete (any f :B — S-expressions,B C S-
expressions®, k = 1 computable function is programmable in such functional programming
language which uses only the selected constants) and minimal (if any constant is removed
from the set of the selected constants, the set will not be complete) subset from the set of
built-in constants of a functional programming language.

The objectives of the thesis are to investigate completeness and minimality of subsets
of built-in constants of functional programming languages.

The main topics of the thesis are:

1.Select a complete and minimal subset of built-in functions of functional
programming language Lisp.

2.Select a complete and minimal subset of built-in functions and functionals of
functional programming language FP.

3.Consider modifications of FP language and select complete and minimal subsets of
built-in functions and functionals of those languages.

The research carried out in the thesis has produced the following main results:

1. For the set of built-in functions ® = {car, cdr, cons, atom, eq, if _then_else} the

following is obtained:

« It is proved that any f:B — S-expressions (B c S-expressions® k > 1)

computable function is programmable in such a functional programming
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language which uses the functions of the set ®. Also it is proved that if the
number of atoms > 2, then the set @ is minimal.

It is proved that if the number of atoms is equal to 2, then any f: B — S-
expressions (B c S-expressions®,k > 1)  computable  function s
programmable in a functional programming language which uses the functions
of the set @ \ {eq}. It is proved that the set ® \ {eq} is minimal. Also it is proved
that for any @ € ®\{eq} not all f:B — S-expressions (B cS-
expressions®, k = 1) computable functions are programmable in a language
which uses the functions of the set @ \ {¢}.

2. For  the set  of  built-in  constants @ = {id, hd, tl, apndl,eq} U
{comp, constr, const, cond} the following is obtained:

It is proved that any f : B — S-expressions (B c S-expressions) computable
function is programmable in FP language which uses the constants of the set ®.
Also it is proved that if the number of atoms > 3, then the set ® is minimal.

It is proved that if the number of atoms is equal to 3, then any f: B — §-
expressions (B c S-expressions) computable function is programmable in
FP language which uses the constants of the set ® \ {const}. It is proved that the
set @ \ {const} is minimal. Also it is proved that for any ¢ € ® \ {const} not all
f + B — S-expressions (B c S-expressions) computable functions are
programmable in FP language which uses the constants of the set @ \ {¢}.

3. Are considered modifications of FP languages. It is proved that any f : B — S-

expressions (B c S-expressions) computable function is programmable in those
languages. Also it is proved that sets of used built-in constants are minimal.
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