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1. GENERAL CHARACTERIZATION OF THESIS

Actuality of the subject

The theory of finite fields is a branch of modern algebra that has come to the fore in the last 50
years because of its diverse application in combinatorics, coding theory, and mathematical study
of switching circuits, among others. The origins of the subject reach back into the 17" and 18"
century, with such eminent mathematicians as Pierre de Fermat(1601-1665), Leonhard Eular
(1707-1738), Joseph-Louis Lagrange (1736-1813), and Adrien-Marie Legendre(1752-1833)
contributing to the structure theory of special finite fields namely, the so-called finite prime
fields. The general theory of finite fields may be said to begin with the work of Carl Friedrich
Gauss (1777-1855) and Everiste Galois (1811-1832), but it only became of interest for applied
mathematicians in recent decades with the emergence of discrete mathematics as a serious
discipline. In parallel with the development of the theory of finite fields there was a rapid
growth of polynomial theory based on finite fields. The finite fields based theory is important
not only for the study of algebraic structures on finite fields, but it has many other applications,
such as, coding theory and cryptography. Moreover, the irreducible and normal polynomials
play a special role in this, as they are necessary in construction of finite fields and in procedures
with the elements of the field.

There are two methods for constructing irreducible (or normal) polynomials over finite
fields. The first method is the polynomial composition method that allows constructions of
irreducible (or normal) polynomials of higher degree from given irreducible (or normal)
polynomials over finite fields. The second method is the testing method for irreducibility and
normality of the polynomials over finite fields. The first method has been studied by
Varshamov?!, Cohen?, Kyuregyan® and others. The second method has been studied by several

authors, including Ben-Or4, Rabin®. The elements in a normal basis are exact roots of an N-

1 R. R. Varshamov, “A general method of synthesizing irreducible polynomials over Galois
fields”, Soviet Math. Dokl., no. 29, pp. 334 — 336, 1984.

23, D. Cohen, “Explicit theorems on generator polynomials”, Finite Fields Appl., no. 11, pp.
337-357, 2005.

3 M. K. Kyuregyan, “Recurrent methods for constructing irreducible polynomials over
GF(2%)”, Finite Fields Appl. No. 8, pp. 52-68, 2002.
4 M. Ben-Or, “Probabilistic algorithms in finite fields”, IEEE, CH1695-6/81/0000/0394$00.7,
1981.
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polynomial. Hence an N-polynomial is just another way of describing a normal basis. The
growing interest towards normal bases is due to their theoretical and practical importance.
Already in 1888, Hensel® has remarked, certain advantages of constructing finite fields based on

normal polynomials. The problem was predetermined by Gao” in 19th century.

In hardware devices (chips) and software packages the complexity of the procedures over
finite fields is determined by the selection of normal base. The algorithm of Messi-Omura® can
be served as a proof of the above mentioned.

It is well known that when using normal bases, the speed of multiplications over F, depends
directly on the complexity of normal basis. And, it is important to use a normal basis in F, , with
the lowest possible complexity. When no optimal normal basis exists, the problem of classifying
of all the low complexity normal bases stays open. This problem has been studied by several
authors, including, Jungnickel®, Masuda'®. Construction of irreducible and normal polynomials
(with the lowest possible complexity) is an important problem in finite fields. This thesis is
devoted to the construction of irreducible and normal polynomials (with their complexities) over
finite fields.

The Aim of the Thesis
The aim of the thesis is described below.
1. Research recursive methods for constructing irreducible and normal polynomials over
finite fields.
2. Propose new approaches for polynomial construction.
Give a complete factorization of some composite polynomials.

4.  Study investigation methodologies for discovering normal bases over finite fields.

5 M. O. Rabin, “Probabilistic algorithms in finite fields”. SIAM J. Comp. 9 (1980), 273-280.
® K. Hensel, “iiber die Darstellung der Zahlen eines Gattungsbereiches fiir einen beliebigen
Primdivisor”, J. Reine Angew. Math., no. 103, pp. 230-237, 1888.
7'S. Gao, “Normal bases over finite fields”, Ph.D. Thesis, Waterloo, 1993.
8 J. L. Massey and J. K. Omura, “Computational method and apparatus for finite field
arithmetic”, U.S. patent no. 4, pp. 587-627, May 1986.
9 D. Jungnickel, “Trace-orthogonal normal basis”, Discrete Applied Mathematics. no. 47, pp.
233-249, 1993.
10 A, M. Masuda, L. Moura, D. Panario, D. Thomson, “Low Complexity Normal Elements over
Finite Fields of Characteristic Two”, IEEE Trans. Comput., no. 57, pp. 990-1001, 2008.
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5. Propose new algorithms based on existing results for testing normality of given
irreducible polynomials and computing the complexity of the given normal

polynomials over finite fields.

Approbation
The results of the work have been presented in 8™ International Conference “Computer Science
and Information Technologies” CSIT-2011, (September 26-30, 2011, Yerevan, Armenia).

Obiject of Investigation
The objects of investigation are irreducible and normal polynomials over finite fields.

Methods of Investigation
The methods of finite field theory, linear algebra, implementation of finite field arithmetic and
programming in the Matlab environment have been used.

Scientific novelty
1.  Novel methods are proposed for irreducible polynomial construction and complete
factorization of some composite polynomials, where

FOO = (P + P xP —bx+c
x) =P —rx —_),
xP—rx+h

composition method is proposed.
2. A new method is suggested for explicit construction of normal polynomials, given

composition method

F(x) = (x — x + h)"P ( X )

xP—x+h

3. Efficient algorithms are found based on theoretical results for testing normality of the
given irreducible polynomials and computing the complexity of given normal
polynomials. In some tables, the complexity of some recursive constructed normal
polynomials is computed. Also a list of all normal polynomials of degree n over E,,
with their complexities for some small values of n and p, and a table of all normal
polynomials with minimum complexity of degree n over F, for p™ < 107, and p < 7,

are obtained.



Practical significance

The results of this thesis are useable in the some applications including, coding theory and
cryptography.

Publications
The results of the thesis were published in five scientific articles which are listed in "List of

Publications".

Structure and Volume of the Thesis
The thesis consists of introduction, three chapters, conclusion and the list of references. The

number of references is 65. The volume of the work is 96 pages.

2. THE MAIN CONTENT OF THE THESIS

In Chapter 1, the actuality of the topic is discussed; the aim and the problems of the dissertation
are formulated. In this chapter, also the necessary definitions and the previous results related to
the subject of the thesis are shortly presented. In Chapter 2, a new recursive method for
constructing irreducible polynomials of degree np*(k > 1) over Fy, by using an irreducible
polynomial of degree n is given. Also in this chapter, we provide a proof for two theorems of
Varshamov!!, which had been stated by him in 1973, without proof, and are proved by
Kyuregyan®? for some special cases in 2011. We use of an analogous technigue, which used by
Kyuregyan. In chapter 3, by using a composition method, a new recursive construction method
for normal polynomials of degree np*(k > 1), using a normal polynomial of degree n is given.
In chapter 4, two algorithms have been developed. The first, tests normality of irreducible
polynomials of degree n (which uses O(nM(n)(nlog(q) + log(n))) operations in F,), and the
second one, compute the complexity of normal polynomials of degree n (that uses O(n(n2 +
M(n) log(qn))) operations in F; , (when M(n) = nlog(n)log(log(n)) and the arithmetic is
based on FFT (Fast Fourier Transform)). Also in this chapter some results of these algorithms in

some tables are given.

11 R, R. Varshamov, “ Operator substitutions in a Galois field and their applications”, Dok.
Akad. Nauk SSSR, no. 211, pp. 768-771, 1973.

12 M. K. Kyuregyan and G. M. Kyureghyan « Irreducible compositions of polynomials over
finite fields”, Designs, Codes and Cryptography, no. 61, vol. 3, pp. 301-314, 2011.
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Bellow is brought summary of results obtained in the thesis.
Chapter 2: Construction of irreducible polynomials over finite fields

e Let for a prime power g = p°(s € N) and a positive integer n = 2, F; be the finite
fields with g elements and F g~ be its extension of degree n. The trace of a € Fyn

over F, is defined by

n-1

Trgnq(a) = Z ad',

i=0
e The polynomial P(x) € Fy[x] is called irreducible over F, if P(x) = r(x) h(x)
implies that r(x) or h(x) is any non zero constant of F,.
Theorem 2.1 Let xP — §,x + 8, and xP — ,x + §; be relatively prime polynomials in
Fy[x] and P(x) = XiL,c;x' be an irreducible polynomial over F, of degree n > 2, and let
80,61 € F;,8, € F;, 80 # &;. Then

P_5x+6
F() = (P — 8,x + 8,)"P <w>

xP — §,x + 6,
is an irreducible polynomial of degree np over F, if and only if 622_: =1and
TTqp Al—p<(61 — &) % - n61> #0,
where AP~ = §,, for some A € F;.
Theorem 2.2 Let xP —x + 8, and xP —x + &; be relatively prime polynomials in F; [x]
and P(x) = XL, c;x' be an irreducible polynomial over F, of degree n > 2 and let &§,,6; €
F,, 80 # &;. Suppose that

P'(1)

TT'qlp <(81 - 80) P(D) - n81> =0.

Then the polynomial

xP—-x+68,
xP—-x+6,

F(x) = (xP —x + 6,)"P( ),
factors to p irreducible polynomials of degree n over F; as follows:
F(x) = Go(x)G1(x) ... Gp_q(x).

Moreover let denote



0<i<p-1.

P—x+§
m@)=&p—x+awaic > 0)

xP —x+8;
If gcd(n, p)=1, then Go(x), G1(x), ..., Gy (x) are pairwisely different. Also exactly one of the
polynomials Hy(x), Hy (%), ..., H,—1 (x) factors to p irreducible polynomials of degree n over F;

and the others are pairwisely different irreducible polynomials of degree np over F;.

The following theorem had been stated by Varshamov without proof (1973). In the case e =
q™ — 1, the following theorem is proved by M. K. Kyuregyan and G. M. Kyuregyan. We

provide a proof for it, in general case, using an analogues technique which used by Kyuregyan.

Theorem 2.3 Let ged(n,e) = 1 and let I(x) = ¥™, b,x7 such that its conventional g-
associate [(x) # x — 1 is a monic irreducible polynomial of degree m over F, belonging to
order e. Further, let f(x) be a monic irreducible polynomial of degree n over F; and ¥ (x) be

the minimal polynomial of [(c), where a € Fgn is a root of f(x). Then the polynomial

B lzl’(l(x))
FO) =500

decomposes as a product of e~ (g™ — 1) distinct irreducible polynomials of degree ne over F,.
Theorem 2.4 Let S,y € F;, f # —y and f(x) # x — 1 be an irreducible polynomial of

degree n over F, belonging to order e. Then the polynomial

q" _

decomposes as a product of one irreducible polynomial of degree n and e~ (g™ — 1) irreducible

polynomials of degree ne over F,.

The above theorem, for the case e = g™ — 1 is proved by M. K. Kyuregyan and G. M.
Kyuregyan. We provide a proof for it, in general case, using an analogues technique which used
by Kyuregyan.

Theorem 2.5 Let xP —x + 6 and xP —x + 1 be relatively prime polynomials in  F, [x]
and P(x) = XiL,c;x be an irreducible polynomial over F, of degreen > 2. Let also § € F,,
§—1=+0.

Define

Fo(x) = P(x)



F(o) = (P —x+ DBy (S229), k21,

xP—x+1

where t;, = np* denotes the degree of F, (x). Suppose that
(6 = DF(1) + nFy(1)).((6 = DF(8) = nFo(8)) # 0.

Then (Fi(x))k=o is a sequence of irreducible polynomials over F, of degree t, = np* , for

every k = 0.

Chapter 3: Construction of normal polynomials over finite fields

-1

o Anormal basis of Fn over F, is a basis of the form N = {a, a%,a?",,a9" '}, i.e., a
basis that consists of the algebraic conjugates of a fixed element « € Fy.

e A monic irreducible polynomial F(x) € F;[x] is called normal polynomial or N-
polynomial if its roots form a normal basis or, equivalently, if they are linearly

independent over F,.

Theorem 3.1 Let P(x) = X%, c;xt, with  P(x) # x be an N-polynomial over F, of

degree nand let§ € F;. Also let

F(x) = (xP — x + 8)"P* (w_—x>

xP—x+6

Then F*(x) is an N-polynomial of degree np over F, if
P*'(0) P*(1)
<n+ P(0) )Tnm, (6 P (D) nd | = 0.
Theorem 3.2 Let P(x) , with P(x) # x be an N-polynomial of degree n over F,. Define
Fo(x) = P*(x)

Fo(x) = (P — x + 8" 'F_, ("”—‘x) k>1,

xP—x+6

where § € E;'. Then (Fy(x))x=0 is a sequence of N-polynomials of degree npk over F, if

P*(0) PT()
TTq|p <7’l + W) TTq|p (W - n) #0,

where P*'(0) and P*'(1) are formal derivatives of P*(x) at the points 0and 1, respectively.



Chapter 4: Implementation of finite fields arithmetic
Let N = {ao, a;, ..., a1} be a normal basis of Fgn over Fy. Thenforanyi,j,0 <i,j <n -1,

a;a; is a linear combination of ay, @y, ..., @, With coefficients in F;. In particular,

o Qo
a aq
[44] =T : B
An-1 An-1

where T is an n xXn matrix over F,. The matrix T is called the multiplication table of the
normal basis N. If a is a normal element, the multiplication table of the normal basis generated
by a is also referred as the multiplication table of a. The number of non-zero entries in T is
called the complexity of normal basis N, denoted by cy. Recall that for any normal basis N of
Fgnover Fy, cy = 2n — 1. Anormal basis N is called optimal if cy = 2n — 1.

It is well known that when using normal basis, the speed of multiplications in F = depends
directly on the complexity of normal basis. And, it is important to use a normal basis in Fn,
with the lowest possible complexity. When no optimal normal basis exists, the problem of
classifying of all low complexity normal bases stays open.

There are some normality testing of irreducible polynomials, which need to some complex
computing and are not efficiently for big degrees polynomials. An efficient method for
normality testing of field elements (for binary fields) is discussed by Masuda in 2008. Masuda’s
algorithm is based on the following theorem.

Theorem (Gao): The irreducible polynomial P(x) of degree n over F, is an N-polynomial
if and only if gcd( n L'yl xn — 1) =1 (in Fyn[x]), where a € Fyn isarootof P(x).

Masuda’s algorithm needs a lot of computations in Fgn[x], for normality testing of an
element in Fgn (only with characteristic two). We give an efficient algorithm for normality

testing of irreducible polynomials over finite fields with characteristic p (for each prime p),

based on the following theorem, which needs to computations in F,[x].
Theorem (Gao): The irreducible polynomial P(x) of degree n over F; is an N-polynomial
if and only if gcd(XSg tixt,x™ — 1) =1 (in Fy[x]), where t; = Trqnm(aaqi) for 0<i<

n—1anda € Fgn isarootof P(x).
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All of traces and powers of a, in our algorithm are computed by repeated squaring method.
Our algorithm  uses O(nM(n)(nlog(q) +log(n))) operations in F,, when M(n) =
nlog(n) log(log(n)), and efficiently tests normality of each irreducible polynomial of degree n
over F,, for each integer n and prime p, since all computations for testing are in F,[x]. Also in
the continue an algorithm for computing the complexity of a normal polynomial, that uses
0(n(n? + M(n) log(qn))) operations in F,, is given.

Using these algorithms and some given recursive methods for constructing normal
polynomials some programs in the matlab environment are created. Using these programs we
will compare some normal polynomials constructed by Theorem 3.2 and some previously
known methods. We also list a set of all normal polynomials of degree n over E,, with their
complexities for a small value of nandp (p =2;n <11, p=3;n<7,p=5 n<5p=7,
n < 4). Finally we give a table of all normal polynomials with minimum complexity of degree

nover F, forp™ < 107,andp <7.

3. THE MAIN RESULTS OF THE THESIS

In this thesis, several methodologies for constructing irreducible and normal polynomials over
finite fields are studied; new algorithms based on some theoretical results for testing normality
of the given irreducible polynomials and computing complexity of the given normal

polynomials are found. The main results of the thesis are brought below.

e A recursive method for constructing irreducible polynomials of degree np* (k = 1) over

finite fields has been carried out, using the polynomial composition

P —§,x + 6
F(x) = (x? — 6,x + 6,)"P <w>,

xP — 62x + 61
where P(x) is an irreducible polynomial of degree n over F, [2].
o Factorization of some polynomial compositions have been studied, including,

F(x) = (xP — x + 6,)"P (xp Xt 6"),

xP —x+ 6;

where P(x) is an irreducible polynomial of degree n over F,, and

_ lz"(l(x))
F(x) =00

11



for irreducible polynomials f (x) and I(x) of degrees n and m respectively, such that I(x) is the
linearized g-associated of 1(x) [1].
e A recursive method for normal polynomial construction of degree np* (k =1) was

developed (over finite fields), using the polynomial composition

xP—x+6

F(x) = (x? — x + 8)"P (xp—_x)

where P(x) is an irreducible polynomial of degree n over F; [3].

e Two algorithms have been developed. The first, tests normality of irreducible polynomials
over F, (which uses 0(nM(n)(nlog(q) + log(n))) operations in F,;), and the second one,
computes the complexity of normal polynomials over F; (which uses 0(n(n? +
M(n) log(qn))) operations in F,). Using these algorithms, we compare complexity of some
normal polynomials constructed by some recursive methods. In addition, we list the set of all
normal polynomials of degree n over F,, with their complexities for values of n andp (p =
2, n<1L,p=3n<7p=5n<5p=7nc<4). Finally, all normal
polynomials of minimum complexity of degree n over E, for p™ < 107, and p < 7 have
been listed [4-5].

List of Publications
[1] M. Alizadeh, M. K. Kyuregyan, Factorization of some composite polynomials over finite
fields, Journal of Algebra and Its Applications, Vol. 12, No. 3, 1250180 (6 pages), 2013.
[2] S. Abrahamyan, M. Alizadeh, M. K. Kyureghyan, Recursive constructions of irreducible
polynomials over finite fields, Finite Fields and Their Applications, No. 18, pp. 738-745, 2012.
[3] M. Alizadeh, S. Abrahamyan, S. Mehrabi, M. K. Kyuregyan, Constructing N-Polynomials
over Finite Fields, Proceedings of 8™ International conference on Computer Science and
Information Technologies (CSIT 2011), pp. 100-103, 2011.
[4] M. Alizadeh, Some Algorithms for Normality Testing Irreducible Polynomials and
Computing Complexity of the Normal Polynomials over Finite Fields, Applied Mathematical
sciences, VVol. 6, No. 40, pp. 1997-2003, 2012.
[5] M. Alizadeh, Computing of the Complexity of some Recursive Constructed Normal

Polynomials, Mathematical problems of computer Science, No. 36, pp. 57-62, 2012.
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qEroud Nl YUTSELP 4 U ULY B UOBLE BY LNUUL
FUQUULVYUUULE P UULNNRSNRULED

Uidthnithnud
Uwhiniy Ujhqunkh

Ushumwnwupnid niunidawuhpyty Eu yEppuwynp qupwntph Ypu wdbpwstih b tnpduy

puqutunudttph Jupnigdwt  Enuwbwlubp, Unwowplyt] L npny wmbuwlub
wpymiupubph Jpuw hhdtwgwé wbdbpwstih puqUuwinuditph  tnpdwnipmitp
uwnnignn  wqnpphpdubp, huywbu twlb npny wignphpdutp wpdws  tnpduyg
puquuinuuh  pupgnipmitp hwodbime hwdwp: Ubudtpwstih b unpduyg
puquuinudtpl fujub Yhpwonipnit niukt dh owpp npnupbbpnud, Ynpugnpdwi
wnbunipnil, Swslugqpupwinipinil, hwoynquljui hwupwhwyqulju
hwdwlwpgbph, gduyhtt nhynipkun hwenppuljuunipniuutph mbunipnit b wyjle
Ubdbkpwstih puquuinudubpp hhdtwlwinid oquuugnpédynid ki kS hqnpnipiniu
niukgnn  Ybkppuwnp nuowbp Juopnmighnt hwdwp:  Unpdw)  puquinudibph
Yhpunnipymbi bulutnpbl ueggus & Jipgudnp qupwlph dpu hwbipuhwyqulut
gnpénnnmipmubkph - pupgmpmip - wjwuqkgukine - patgph - htwn: - Ugwpunwghb
uwpptpnud  (Uhipnupubdwibpnud, OSPU) b spwgpuyhtt thwpkpubpnid Jipewynp
nuownbph Jpw Juunwpyny gnpdnnnipniubtph pupnnieniup npnpdmd £ unpdug
puqhup punpnipyudp: Oppub inplw) puquutnudh pupnnipnibp thopp E wjipub
tmpp £ dJbpounnp  nupwbkph  Jpu hwipwhwpjwlmb - gnpsnnmpnitbkph
pupnnipniap: Unnpl pipduws b wohiwnwipid vnwguwsd wppyniuputph hwdwnenn
Ujupugpnipynip:

Ehqnul uinug]ud hhtwlwh wpymbpbkpp phpdws kb vnnpl'’

e Spyly b dEppwynp nuowntph Ypu widbkpwstih puquuigudutph puguhwyn

wnbupny Junnigdwt tnp Enubwly, npniugnid oguugnpdyty &

xP — 62x + 60
F(x) = (xP — np(Z__ =22 9
() = (xP = 8x + 61) <x,, ot 61)
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wtuph Yndwynghghwi: Unwgwpljws Yndwnghghwubkpp pnyp &u wwihu F
nugwh pu npdus wunhdwth widbpuskh puqubnuitg juengl np*( =
1,2,-, p & nqupwh punipugnppstt k) wunhfwth wugbpwsth puquuiunudubph
hwonpnuljwunipyniukn [2]:

xP—x+8,
xP—x+6,

Spyt b F(x) = (xP —x + 6;)"P ( ) wtuph puquuiqudttph

Ytpnidnipjul pugwhwjn wbkupp, npuntn P(x) —p whkpustih puquuigud £, b

Fe) = (¥(100))/f )
m b n wunh§wih £(x) b 1(x) widbpustih puquubnuditph hwdwp wjigbu, np
1(0)-p gdwyugws g-wungugusd £ I(x) puquubpuidhl npws F; pupnh fpu
[1]:
Spyty E Ypgunfnp nupwnbph Jpu inpiwy puquubqudkph puguhwyn nkupng
Junnigdwb unp Enuitul, npukn oquugnndytp S

xP —x
F(x) = (x?P —x + 8)"P <m>,
wkuph §ndwynghghwi: Unwowpldus Yndunghghwt pnyy E wnwhu F uownh
Ypuw npjwd wunhfwth tnplwy puquinuihg Yunnghy np*(k = 1,2+, pu
uownh punipwqnhs k) wuwnhdwih unpdwy puquuunudutph

hwonppuwlwinipniuitp [3]:

Unwowplty £ pynt wignphpd, npnighg wowehtip poyp E wuhu nplws F
nuonh Ypw uwnnigh] wnpjws puqUuinuuh  inpdunmipiniip juunwpbing
O0(mM(n)(nlog(q) + log(n))) ~ gqnpdnnmipymbbbp:  ©pynpny  wignphpdp
htwpwynpnipnit £ wwhu hwoybty nipdus tnpdw) puquuiinudh pupnnipmniup
F, nupumd  Yuwupkny  0(n(n? + M(n)log(qn)))  Gnpénnnipniubibp:
Oquuugnpdtiny uwyu wygnpppdubpp hwdbdwwndl] b onpny  puquigudubpp
pupgupnibpp. Spdtp £ F, nupwnp dpuw pnpp 7o wunhdwbh Gnpdug
puquinudubtpp b tpubg puppmpmibitpp(p =2, n< 1,p = 3, n < 7,p =
5 n < 5p =7 n < 4). Udkhl, F, nupwnh ypw vhuthuw) pupnnipnih niikgnn
ponp n wunhdwih tnpdw] puquuiunudubpp pipdus ku [4-5]:
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PE3IOME
MAXMYJ, A/IM3AZE

HOCTpOEHMﬂ HenepesoaAMMbIX, HOPMAJ/IbHbIX NOJIMHOMOB HaA,

KOHEeYHbIMUN nonamum

B paboTe paccMaTpHBAIOTCA METOZABI IIOCTPOEHMS HENPUBOAUMEIX U HOPMAIBHEIX
MHOTOYJIEHOB HAa KOHEYHBIX mojax. IIpemjmaraioTcas  ajropuTMbl — IPOBepKH
HOPMaJbHOCTH  HENPHUBOAMMBIX  MHOTOYJEHOB, OCHOBaHHBIE HAa  HEKOTODPHIX
TEOPeTUIEeCKUX pe3yJbTaTaX, a TaK)Ke HeKOTODble aJrOPUTMBI [ BBIYHCJIEHMA
CJIOKHOCTH 33JlaHHBIX HOPMAAbHBIX MHOTOYJIeHOB. HempusoguMble M HOpMajabHbIE
MHOTOYJIEHBl MMeIOT CyIIecTBeHHOe IIpHMeHeHHe B psafe objnacTeif, B Teopuu
KOZMPOBAHMA, B KPUNTOTpaduM, B BBIYMCIMTENIHHBIX anreGpaMdyecKMX CHCTeMax, B
TeOpHM JIMHEMHBIX PeKypeHTHBIX IocjefoBaTenbHOCTe#l u T.n. Hempusomumere
MHOTOYJIEHBI B OCHOBHOM HCITOJIB3YIOTCS [JIA TOCTPOEHMA KOHEYHBIX IOJIeH, HMeIoNX
6omburyio MomHOCT. [IprMeHeHNe HOPMATbHBIX MHOTOUIEHOB CYIeCTBEHHO CBA3AHO C
3a/jayell CHIDKEHMS CJIOXKHOCTH anre6GpauyecKuX NeHCTBUN Ha KOHEYHBIX IIOAX. B
aNmapaTHEIX YCTPOMCTBAaX (MHKpOCXeMaX, YHIIAX) M B IIPOTPAMMHBEIX IIaKeTax
CJIOXKHOCTB OCYIIECTBJIAEMBIX JeHCTBHI Ha KOHEUHBIX IOJIAX OIpefienseTcs BIOOPOM
HOPMAJIBHOrOo 6asuca. YeM MeHbIIe CI0XHOCTh HOPMAJIBHOTO MHOTOUYJIEHA, TEM MEHbIIIe
CJIOXKHOCTH anreGpanyecKux JeHcTBUH Ha KOHeUHHIX moyax. Hinke mpusemeHo KpaTkoe

OIMCaHMe IIOTyIeHHbIX B pab0oTe pe3yIbTaToB.

OCHOBHbIe pe3ynbTaTbl, NOJYYEeHHblIe B Te3uce, NpUBeaeHbl HUXKe:

'ZI;HH HOBBIH MEeTO., HOCTpOEHHfI HeHPHBOHHMBIX MHOTOYJIEHOB ABHOTO BHJ4d Ha
KOHEYHBIX II0JIIX, B KOTOPOM 6I)I)Ia HCITIOJIB30BAaHA KOMITO3HUIIA B4
xP — 62x + 60

F = P _ nP e Y
(x) = (x? — 8,x + 6,) P 0,10,

15



HPE,ZUIO)KCHHLIC KOMIIO3NITU U IIO3BOJIAIOT IIOCTPOUTH IIOCIe 10BATEJIBHOCTHA

HEIIPUBOANMBIX MHOTOYJIEHOB CTEII€HN np"" (k =1,2,. .., P - XapaKTepuCTHUKA

TI0JI) U3 HEITPUBOAMMOTO MHOTOY/IEHA 33]AHHOM CTeleHH Ha mmoye F,[2].

° ,ﬂaH SIBHBIU BUJ, q)aKTOPPISaI.H/II/I MHOTI'OYJIEHOB THUIIA

F() = (P —x + 6,)7P (520%),

xP—x+8;
rae P(x) - HempuBogmmstit MEOorowteH 1 F(x) = (f (x)) "t ¥ (I(x)), Junx
HempUBOAMMEIX MHOTOWwIeHoB f(x) and [(x) cremenu n u m, Tax uro [(x)
NTHHeapU3UPOBAHHBIE MHOTOYJIEH ¢-aCCONMPOBaHHEI ¢ [(X) 3amanubIi Ha
noxne Fy [1].

e  JlaH HOBBII METOZ IOCTPOEHMS HOPMAJBHBIX MHOTOYJIEHOB SBHOTO BHU/A HA KOHEYHBIX

II0JIAX, TOe WUCII0JIb30BaJIaCh KOMIIO3UIIUA BU A

xP —x

— (xP — np(_~___~
F(x) =(x x+6)Pxp—x+6'

ITpezoxeHHas KOMIIO3HIIVS [TO3BOJISET IOCTPOUTH I10CIE€L0BATEIFHOCTH
HOPMAJIBHBIX MHOTOWIeHOB cremenu np® (k=1,2..., p — XxapakTepucTuKa moss)
M3 HOPMaJIbHOTO MHOTOYJIEHA 33J]aHHOM CTereHy Ha moyre F,[3].

e IlpemmaraioTcs [Ba ajarOpuTMa, IIEPBBI 13 KOTOPBIX IIO3BOJISET IIPOBEPUTH
HOpPMaJIbHOCTh 33JaHHOTO MHOTOWIEHa Ha 33JaHHOM Ioje F,, BBIIONHUB [eifCTBUA
o(nM(n)(nlog(q) +log(n))). Bropoii anropur™M HaeT BO3MOXKHOCTb BBIYMCIUTH
CJIOXHOCTh 3aJaHHOTO HOPMAaJIBHOTO MHOTOWIEHAa Ha Toje [, BBIIOJIHUB JefCTBUA
O(n(n2 + M (n)log(qn))). Wcnons3ys 3TH aaropuTMbl, GBIIO NPOBELEHO CpaBHEHHE
CJIOXHOCTH HEKOTOPBIX MHOTOYJEHOB: OBUIM IIPHUBEJEHBI BCe HOpMaJsIbHbIe
MHOTOWIEHBI cTemeHu N u ux caokuHoctu (p=2;n<1l,p=3n<7,p=5n<
5,p=7;n<4) na mone F;. Bonee Toro, Bce HOpMasbHbIE MHOTOYJIEHBI CTETIEHH 1,

MMeroIe MUHUMAJTbHYIO CJIOKHOCTE Ha mosne Fy, mpusogumsr [4-5].
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