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Ujuwwnwuph punhwunip ufuwpwghpp

@Gdwh  wpnhwlwunpyniup:  StnGlwwjwywu  wnbjuuninghwubph  ninpunwd
humbuupynpbt uwwpynd  Gu  hGnwgnunwlwu  woluwnmwupubp,  npnugnid
wunpwnwnund  Gu  pwplujwd U gniqwhbn  wpwqwgnpéd  hwoynnulwu
hwdwywpgbphu: LEpYwnwu winwhuh hwdwYwnpgbph hwéwjuwyh ogunwgnpdnuwip
wwjdwuwynpwd £ dh owpp ninaniggniutubiph qupguigdwdp' dwutwynpuwbu
npwup ogquwagnpdynuwd tu pwqdwgnpdwywwywu fubijugh wbnGynyewu npnudwu
dbpnnubpnd, wndjughwngeniund’ d&s  wjujubph dowldwu b wwhwywudwu
hwdwp, huy ghunwlwu npppnubpnud’ pwpn hGnwgnungeiniuubipnd futinhpubiph
dnntjwynpdwtu  hwdwp: Pwgh wn, ghwunppjuu b wnbjuuhlwh  putwgqwydwnp
wnwownpwupubph dnnbjwynpnwubpp wwhwugond Gu wybih J6§ Gogpuninieyniu,
wpwg b wjuwéwdw|] hwodwpyubp, npnug  wnwowgpwd pwpnnientuutipp
huwpwynp £ nwnund  opowughl hGug udwu  hwoynnulwu  hwdwywpgbph
ognwgnnddwdp:

Pwqgdwwpngbunpwjhu hwdwlwnpgbpp ognwgnpddwdp uwywuwnyynn
wnwownpwupubpp wwhwond Gu dEdwéwyw| hwodqupyubp, npnup Yuwnwpynd Gu
utlyhg wybh wpngbunputiph qniqwhtin ogunwgnpddwu dhongny: hush wpryniupnid £
wnwowund bu npnpwyh fuunhpubp, Rt puswbu  Ywqdwybpwt, Jdh pwup
wnwownpwupubph  Jhwdwdwuwly Ywwwpnwp  hwoynnuywu  hwdwlwpgh
nbuntpuubpp wpryniiwybn ogunwgnpddwdp: hust k) bwlywu pwuwynigjwu fuunhp
£ pwgiwwpngbunpwihtu hwdwYwpgbph wiwuwynpdwi (scheduling) wignpppdutpp!
dowldwu Ynunbipumnnid:

Upryntuwybn wjwuwynpdwt wignphpdubpp pwqdwwpngbunpwihu hwdwlwngbiph
hwdwp ubpyuwjwgund Gu hwdwwngswihtu ghnnypjuu W gniqwhtn hwoywpyutbiph
hGunwgnuinigjwu Ywplnpwgnyu ninpun: Skfuuninghwubiph W pwqdwwpngbunpwjhu
hwdwwpgbph  qupqugdwup  gniqwhbn  wpryniuwybn wwuwynpdw
wignphpdubph pE wuhpwdbonnyeiniuu £ dGdwund b pE npwug Jdowynwu b
pwpnwunwz Udbhu, npwup wywhwugnd Gu hus np hdwuwnny hwpdwpynnulwu
wwuwynpdwu nwqgdwywnpnypniutbin L hwdwywpgh nbunipuubipp’
wpryniuwybnnpbu pwofunud® wniwppbp gnigwuppubiph  owwnhdwjwgdwu  hwdwp,
huswhupp Gu'  hwdwlwpgh pEAnnuwynyeniup,  uywuwpydwu  nwgnuip,
Eubpquwpnyniuwybunngeniup W wyju:

' Adaptive Computing Enterprises, “Maui Scheduler™ Administrator’s Guide”, 2014. Available online at:
http://docs.adaptivecomputing.com/maui/index.php, Accessed on: July 27, 2024.

2 Varela C. A., “Programming Distributed Computing Systems: A Foundational Approach”, The MIT Press,
London, England, pp. 43-256, 2013, ISBN: 978-0-262-01898-2.

3 Guo W., Liu F., “Optimized Grid Resource Allocation and Task Scheduling Strategy”, Applications and Techniques

in Cyber Intelligence: ATCI 2019, Springer International Publishing, pp. 142-149, 2020, ISBN: 978-3-030-25128-4,
DOI: https://doi.org/10.1007/978-3-030-25128-4_19.
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Wuwhuny, wwuwynpdwt wgnphpdutiph  Ywuwwpbugnpddwu  gnpdpupwgp
pwwywuhtu nhuwdhy £, wjuhupt sowpniiwywlwu wuhpwdbonnyeniu Yw, np
npwug dowldwu hhdpnd wybiih nt wybh owwn gnighsubiph hwodh wnuybu: dbpohu
ubipunp dh 2wpp wwuwynpdwt wignphpdutph wpryniuwybwnygjwu pwpdpwgdw
Uwwuwnwyny npwug dowlwdwu dbe ogunwagnnpdnid Gu owyuinhdwjwgdwu wnbuntgjwu b
dbpbuwjwlwu nwnigdwu gnpdhputip: Pwjg twb wpdtipwynp ywwnybpwgndubp Gu
uinwgyntd, tpp win hwdwlwpgbpp nhunwpyynd Gu qwugywoéwiht uywuwpydwu
nbuniejwu* opowuwlubipnid:

Cwipdh wnubny ybpnugw nhunwpynwiubpp’ wuhpwdbon £ pugqdwwpngbunpughu
hwdwlwpgp dnnbjwynpb] npwbu quugywdwiht uywuwpydwu dnnbi, npnuwd npwd
E wnwownpwupubph  gniqwhbn  uywuwpydwtu  wwpdwu L hbpend
wnwownpwuplbph uwywudwu dwdwuwlwiht uwhdwuwhwynid:

Wwwnwuph twwwwyp b nhunwpywsés fuunppubpp: SYyjw; wrtuwwnmwupnid
htwmwgnunynwd £ pwqdwwpngbiunpwiht hwdwlwnpgp Yppwnbing quugqywdwihu
uwywuwnydwu wnbunipniup: <wdwywpgh yhéwyp Ypnw £ ywwnwhwlwu punype,
pwuh np wnwownpwupubiph dnwnph hnupp, npwug uywuwpdwu wunnniegniup,
wwhwuoynn hwoynnulwu nbunipuubiph pwuwyp b htpenud uwywudwu dwdwuwyh
uwhdwUwthwyndip' pninpp ywwnwhwlw deénigyniuubp Gu:

e huunhp £t npytp hbunwgnnb), tywpwgptp bW dnnbGwynptp hwdwlwpgh
ypdwlubpp  npunwpybind  wnwownpwupubph  wwwmwhwlywu  pyny
hwoynnwywu nbunipuubph pwuwyph L hbpend uywudwu dwdwuwlyh
uwhdwuwthwybdubpp:

e Lwdlwlywpgh wpjwd wwpwdbunptph W pwofunidubph hwdwp  hwoybg
ypdwlubph hwywuwywunigyniuubph wpdbipubpp W gunub] uywuwpydwu
owwhdw| wwppbpwyp:  Uprynwipubpp  ubplwjwgul]  wuwjhwnpy  Yud
pYwjhu [nwdndubiph nbupny:

Chwmwgnunpuu  opjywubpp: Uju  wofuwwnwupnid  hbGunwgnundwt  opjtilunp
pwqiwwpngtunpwiht hwdwlwpgu £, upw nhuwdhy ghdwlyp, wywpwdbpunptph
wpdtipubipp, wnwownpwupubtiph hbpeh Yuwqlwybpwdwu nwuwyp:

CEnmwqgnuineyuu  depnnubp: Upfuwwnwuph hGwnwgnuinigjwu wbuwlwu hhdpp
hwjwuwlwuniygjwt  wbunpjwu, qwugwdwiht  uwywuwplydwu U nhuypbn
dwpbdwwhlwih dbennubpu Gu: Yppwnwlwu wpryniupubpp hbudws Gu pywhu
hwoJwplutiph dbpnnutiph ypw' ogunwgnpdtiiny Python Spwgpwynpdwu |kgniu W hp
npn2 purnwjuwd gpunwpwuubp®:

4 Shortle J. F., Thompson J. M., Gross D., Harris C. M., “Fundamentals of Queueing Theory”, John Wiley and Sons,
New York, pp. 35-475, 2018, ISBN: 111894352X.

> NumPy Contributors, “NumPy Documentation”, Available online at: https://numpy.org/doc/stable/, Accessed on:
July 26, 2024.
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UWluwwmwuph ghwmwlwu  unpnypp: Wu  wpfuwwnwiuph  hwdwwnbpunnd
ubpyujwgynid Gu hGinlyw| ghunwlwu wpryniupubipp.

e Pwqudwwpngbunpwiht  hwdwlwpgh hwdwp  dowydtp £ quugqudwihu
uwwuwpydwu dnnbp twuwlwu  quugqudwiht uwwuwpydwu  dnnbjubpu
ogunwgnpdnud  Gu JGY uwwuwpynn uwpp jnipupwtignp winwownnwuph
hwdwpn, huy wju wrfuwwnwupnud purquuynd £ hGnwgnundwt ninnniejniup
ntwh pwqiwwpngtunpwiht  hwdwlwpgbp, npnugnud  Jnipupwtiginip
wnwownpwup Ywpnn § uywuwpyyl) deyhg wybih uwppbph dhwdwdwuwy
ognwgnpddwdp:  Curqujuqwd  uywuwplydwt  dnnbnd  jnipuipwitggnin
wnwownpwup hp uywuwnpydwu hwdwp wwhwugnid £ ywnwhwywu pwuwlyp
wpngbunpubp bW wju nup  bwb  hbppnd  uwywudwu  dwdwuwlyp
uwhdwuwiwynud :

e Pwqdwwpngbunpwiht  uwwuwpydwu dnnbih dhongny  wipunwdyby n
hwdwYwpgh yhdwyutiph hwyjwuwwunygyniutubiph hwdwp hwyjwuwpnudutin:
huswbu twl dowyyt) b ppwlwuwgyti b win hwjwuwpnuiubpnyg hwdwywnpgh
Mddwtu  pwiht wignphpd'  hwjwuwwunyeniutbph  hwoydwu  hwdwn:
Uywuwpydwu dnnth  dwuuwynp  nbwph  hwdwp  wpunwddbp  Gu
hwdwlwnpgh yhéwyubph hwjwuwlwunieyniuubph  hwoydwu  wuwihwnpy
pwuwalbp:

o  Jwdwlwpgh npwé wwpwdbwpbph W pwotunwubph hwdwp dowyyt] b
ppwlwuwgyt] b uywuwpydwu wwpwdbnptph owwhdw| puwnpnigniu
Ywwnwnpnn pqwiht wignphpd:

Unwgywé  wpryniupubph  Yppwnwluwu  vywuwlnipyniup:  Ugfuwwnwupnud
unwgywé wpryniupubpp  Ywpnn  BU ogquwgnpdyt]  pwqdwwnpngbunpwihu
hwoynnuiwt  hwdwlwpgbph  wwuwynpdwu  hwpbpubph  Jwldwu  Jby'
hwidwlwpgh wouwwnmwuph wpryntuwybn Yuqdwybpwdwu, nGuntpuutiph owwnhdwy
ognwgnpdwu b punhwunip  wndwdp  hwdwlwpgh  wpnwnpnnuwuntejwu
pwnpépwgdwu hwdwn:

Muwnmywuntpjwt ubpjuwjwgynn hhduwywu npnypubkpp:

e Pwqglwwpngbunpwiht  hwdwlwpgh  dnnbjwynpdwu  Gnwuwy, npnd
wnwownpwuplbpp  uwwuwpyynd  Bu  gqniqwhbin,  jnipupwtgnip
wnwownpwup hp uywuwpydwu hwdwp nup ywunwhwywu pwuwyny
wpngbunpubph wwhwue U php hbpend uywudwu dwdwuwlwuu niup
wwwnwhwlwu dbdnipjwdp punypwgnynn uwhdwuwhwyned:

e Pwqdwuwpngbunpwiht quugywdwiht uywuwpydwu hwdwlwpgh hwdwp
uwywuwnyynn b htpenw gunuynn wnwownpwupubpny wwjdwuwynpyws
hwdwywpgh yphéwyubph hwywuwlwunyeniuutiph wuwihwnhy
uywpwgpnipyniu, nmpjwd wwpwdbupbph b pwotunwubph hwdwp pYwhu
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hwaoynwdubip:

Unwgywé  wpryniupubiph  gqpuptuniegniup b hnpdwpynudp: Unwgywd

wpnyntupubipp gbynigytp Gu dhowqguihu CSIT ghinwdnnnyntd.

1. 12th International Conference on Computer Science and Information Technologies
(CSIT 2019), September 23 - 27, 2019, Yerevan, Armenia,

2 13th International Conference on Computer Science and Information Technologies
(CSIT 2021), Yerevan, Armenia, September 27 - October 1, 2021,

3 14th International Conference on Computer Science and Information Technologies
(CSIT 2023), Yerevan, Armenia, September 25-30, 2023.

Upjuwwwuph  wpryniupubpp  putwpyytp Bu << SUU  budnpdwunplwh L
wywnndwinwgdwu wpnpGdubph huunhwununh, huswtiu bwl CSIT “Data Analytics and
Mathematical Modeling” (féphjhup, hniuhuh 26-28, 2024 p.) L “High Performance
Artificial Intelligence” (Gplwu, ubwwbdptph 22-26, 2024 pR.) ubdhuwpubph
pupwgpnt:

Cpwwwpwlynudubp: Unbuwfununigjwtu hhduwlywu  wpryniupubpp hpwwwpwyyby
GU wwu (11) ghnwlywu wofuwwnigyniuubpnud (4-p WoS/Scopus-nid), npnug gwulp
ptipdwd b ubndwagpp ytponud:

Uzuwwnwuph swywip b Yunnigwépp: Unbuwfununigjwu dwywip Yuqunwd k103
ko, ubpwnnud £ 67 gpwlwunigjwtu hnnd U pwunyugwd t ubpwdniyeniuhg, 3
g|nijuutiphg, oguwgnpéywd gpwlwunypjwu gwuyhg U 2 hwybwsdubphg:

Upluwwnwuph pnjwunwynipniup

Ubpwédnipniu pwduntd hhduwynpynid £ winbuwfununipjwt wpnhwlwunientup,
Suwybpwyyws £ wouwwnmwuph twywwnwyp, nhunwpyjwd fuunhpubpp, ghnwlwu
unpnypp,  Yppwnwlwu  Vpwuwynieniup b ywowwunpjwu - ubpyujugywd
hhduwlwu npnypubnp:

Unwoht qjunid  ubplwjwgywsd £ pwgiwwpngbunpwiht hwoynnuywu
hwdwYwpgbpp, Upwiug woluwwmwuph ulgpniupp, wnwownpwupubph punniudw,
htGppwgpiwu U  Ywwwpdwu Yuwpgbpp:  Pwqdwwpngbunpwiht  hwaynnuywu
hwdwYwpgbph  dnnbGwynpdwt  Gnwuwyubpp qwugqywoéwiht  uywuwnpydwu
hwdwlwpgbiph dhongny®:

1.1 Gupwgqund  ubpluwjwgdws bGu pwqdwwpngbunpwiht  hwoynnuwu
hwdwlwpgbph ubpwénieiniup, npwugnd wofuwwnwuph Yuqdwytpwdwu dubpp L
wbfununinghwubipp:

6 Bocharov P.P., D'Apice C., Pechinkin A.V., Salerno S., "Queueing Theory", VSP, Utrecht, Boston, pp. 34-98,
2004. ISBN: 90-6764-398-X.
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1.2 upwqjfund ubpyuwjwgywd Gu  pwgdwwpngbunpwiht hwoynnuywu
hwdwYywnpgbpnwd htipebnh ubpyuwjwgdwu L uwwuwnpydwu
wnwuduwhwuinniegyniuubpp, npwugnd wnwownpwupubiph hbppwapdwu
wpryniuwybwnnipjuup  uywuwnn  dh wpp  wbluuninghwubpp U hbpebph
wpryniiwybn  uywuwpydwu  depnnubpp’ Yuiujwsd  uywuwpydwt - nwppbp
ufubdwubpp U pwnwpwywunieniuubiph puwnpnieyniuubphg:

1.3 Gupwqpfunmd ubpywjwgywsd b quugywowiht uywuwnpydwu hwdwywpgbph
ubpwdnipiniup: Gupwgjfund pbpwdé Bu twb  quugqwdwiht  uwwuwpydwu
hwdwlwpgbph hGnwgnungjwu hwdwywpthwy gbpindnieiniu, pun nhunwplywsd
fuunppubph - wnwuduwhwwynigyniuutph W unyu  woluwwmwupnd  nhunwpyywd
pwqiwwpngbunpwiht uywuwpynn hwdwwpgh hnwgnundwu Yuplnpnyeniu nt
wnwuduwhwunlnieintt hwunhuwgnn npnypubpp:

1.4 bBupwqund ubpluwjwgws Gu pwqdwwpngbunpwiht  hwoynnulwu
hwdwlwpgbpp  quugywdwihu  uywuwpydwt’?  hwdwwnbpunn,  pungdtiny
npwugnud  hGppbph  uwywuwpydwu  nwnduwuppnenut ninnywd  gniqwhtin
dowydwu, nbunipuubph pwofudwt, Swupwpbtnujwdnipiwt hwjwuwpwlondwu U
Yuwwnwpnnuywunijwu owyunhdwjwgdwu dwpwnwhpwybpubphu:

Bpypnpn  qilund Ubplujwgywsd £ wnwewplynn - pwqdwwpngbunpuh
uywuwnpynn hwdwywnpgh dnnbjwynpdwud Gnwuwyp:

2.1 Gupwgqunud ubpywjugwsd £ wnwownplynn pwgiwwpngbunpwihu
uywuwnynn hwdwlwnpgh vywpwgpnieniup:  Gupwgfund  uywpwgpjws  k
pwqguwwpngbunpwjhu hwdwlwpgnid wnwownpwupubph dwupwypyphwn
ubipyuwywgdwu vpwuwynwubpp, npny hunwy pungdynd £ pE wnwewnpwupubiph
pwqdwwpngbunpuiht uywuwpydwu, b eE  hbppend uwwudwu dwdwuwyh
uwhdwlwthwydwu wnwuduwhwwnynyeniup:

Gupwnpynw £, np hwoynnuywu hwdwlwng dnunp gnpdnn wnwewnpwupubph
hnupnud,  jnipwpwugnip  wnwownpwup  puniewgnpynd £ @, B, w,¥)  snpu
wwwwhwlywu  wywpwdbwnpbpny, npnbn  v-u hwoynnulwu  nbunipuubph
(wypngbunpubin, dhonwyubip, Ywuwmbpwihu hwugnygubp W wyu) pwuwlu E, npnup
wuhpwdbon bUu  wnwownpwupp uwywuwpybnt hwdwp, B-U  wnwownpwupp
uywuwnybnt hwdwp wwhwueynn wnwybjwagnyu dwdwuwlu §, w-u wju huwpwynp
dwdwuwlu £, np wnwownpwupp Ywpnn b ouwwub] dhush  uywuwpydwu
wnwownpybip, nphg htnn wju ennund £ hwdwywnpgt wnwug uywuwnpyybint, huy

7 Anamika J., Jain M., Bhardwaj D., “Controllable multiprocessor queueing system”, Applications of Mathematical
Modeling, Machine Learning, and Intelligent Computing for Industrial Development, pp. 61-76, 2023. ISBN:
9781003386599.
8 Ghimire S., Thapa G. B., Ghimire R. P., Silvestrov S., "A Survey on Queueing Systems with Mathematical
Models and Applications", American Journal of Operational Research, vol. 7.1, pp. 1-14, 2017. DOI:
https://doi.org/10.5923/j.ajor.20170701.01.
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y-U wnwownpwuph hwdwlwpg dnunp gnpdbint wwhhg wju  dwdwuwywihu
dhowluwpu £, nphg htiwnn pnyjwwnpynud £ ulub] wnwownpwuph uywuwpynwip: Gpp
y =0, wju ywpwdbwph wpdtpp Ywpnn £ pwg pnnuyt), huy uywudwu dwdwuwyh
uwhdwuwthwynid sniubignn hwdwlwpgbipnid o wwpwdbunph wpdbpp unyuwbu pwg
E ennuynid:

Cwdwlwnpgh wwpwdbwpbpp tupwagpynud Gu.

m - hwdwywpgh hwoynnulwu nbuntpuubpph pwuwyp (m = 1),

n - wnwownpwupubph wnwybjwgnyu enyjwwnpbih pwuwyp htpenwd(n = 1),

a - hwplwu dnunpbiph dholt dwdwuwwihtu dhowywiph wwwnwhwlwu wpdbp,

npu nwh hbnlyw| hwjwuwywunigjwu pwtunudp.
Pla <t) = A(t),

B - wnwownpwuph uywuwpydwu dwdwuwyh wwunwhwlywu wpdbp, npu niup
htwnlyw| hwjwuwlwunipjwu pwofunudp.

P(p < t) =B(1),

w - hGppnw wnwownpwuph enyjwwpbih vywudwu dwdwuwyh Wwunwhwlywu
wndtip, npu nwuh hbnlyw hwjwuwywunigjwu pwotunwdp.

Plw<t)=W(),

v - wnwownpwupp uwwuwpytint  hwdwp  wuhpwdbyn  hwoynnuywu
ntiuntpuubiph pwuwyh wwnmwhwlwu wpdtp, npu ntuh hbinlyw) hwjwuwlwunyejwu
pwofunwdp.

Pw<k)=V({®), k=12,..m:

Gupwgun twl dwupwypyphw ptuwpyyws b wnwownpwupubph uywuwnplydwu
dbpdnid  unwuwint ugbuwpubpp W npwug uywuwpydwu  Yupquwwhnyejwu
puwpniejniup:

Unwownpwupubpp  uwwuwpyybint  Gu hwdwlwpg  dnunp  gnpdbint
htppwlwunyejwdp, wjuhupt' oguwgnpdynd £ FIFO Ywpgwwwhnyeniup: Uju
wnweownpwupubipp, npnup hwdwlwnpgp unwunw £ hbpeh phy gpwnbgqwsd (hubnt
nGwpnwd  (wjuhupt  hbppnuWd wpnbu 7 hwwn  wnwownpwuplbp  uwywund  Gu
uywuwnpydwu wnwownnybnt) unwunw Gu hwdwlwnpgh dnunph U dwnwjnipjwu
dtipdnud:

2.2 bGupwgqunid  ubpluwjwgywsés £ wnwownplynn pwqdwwpngbunpwihu
uwywuwnynn hwdwlwnpgh dnnbuynpdwu hhduwlwu vpwuwynwiubipp: Gupwgjfunid
uywpwgpynd £t hwdwlwpgh  huwpwynp  dpdwlubph  dbpowynp  pwuwyp
wwwnbwnny wofuwwnwuph Yuyniu ntidhdp® wugubint hwuwnp:

Lwdwlwnpgh ypdwyp, Gpp i wnwownpwupubpp uywuwpyynd Gu, huy j

9 Kleinrock L., “Queueing Systems: Vol. | — Theory”, John Wiley and Sons, New York, 1975, ISBN: 0-471-49110-1.
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wnwownpwuptbipp  uwywund &b hbpend  Upwtwlyynd £ L= ny:
Pwqdwwpngbunpwiht hwoynnulwtu  hwdwYwpgh wpngbunpubph b hbpenw
wnwownpwuuptiph ybpowynp pybpny wwjdwuwynpgwd hwdwywpgh huwpwynp
yhdwlubph ehyp vwhdwuwihwy £ U nbwptpp, tpp hwdwlupgp upnn £ wugtby
L; j yJhtwlh wy) yhéwlhg, ubpyujugyws b hbnbjw) ufubidw)nid.

L‘_-’Il

Utubdwynid wwwnybpdws wugnuwubpp hwdwwwnwufuwtwpwp ulupwgnpynd Gu
htinjw) Ytipw.

1. hwdwlwpgh yhéwyp L;;j—; Ep, b hwdwlwpgp dby wnwownpwup
unwguwy, npu k| Jhwgwy hbpphu;

2. hwdwlwngh yh6wlp L;_g+1,j+x En, npnbin k = 1,2, ..., min(i,n — j) L d&y
wnwownpwup wywnpuntg uywuwpynuwp b hbnwgwy hwdwywnghg, nph
wpryniupnd  hbpph wnwoht k  wnwownpwupubpp  punniuytghu
uywuwnpydwu;

3. hwdwlwngh yhbwyp bnb £ Li_g j4x+1, NpnGn k = 1,2,..., min(i — 1,n —
j—1) L hbpph wnwoht wnwownpwupp |pkg hbpep (Upw uwywudwu
dwdwuwyp uwwnybkg) b hbpphg wnweohl k  wnwownpwupubpp
punniuybght uywuwpydwu.

4. hwdwlwngh yhwyp L; ;44 Ep, W hipphg dbl wnwownpwup, ng wnweht
wnwownpwupp |ptg htipep (Upw uwwubint dwdwuwyp uwwnybg):

2.3 Gupwgqfunid ubpyuwjwgywsd tu wju uwhdwuwthwynwdutpp npnup pynid
Gu hwdwlwpg wnwownpwupubph unwgdwu, npwug uwywuwpydwu U hbepend
Swfunniwt ywunmwhwlwu dEdnieyniuubiph pwafunidubph ypw pwgdwwpngbunpwihu
uywuwnpynn  hwdwlwpgh  Yuwiniu  dptwlyph  hwdwp  hwwuwywuwhu
hwjwuwpndubph unwgnudp Yuwnwpbine hwdwp, husu 5| wpynd £ bwfunpnhy
hwdwlwpgh ypéwlubph wugnuubpp bywpwgpnn ufubdwinyg pninp huwpwynp
wugndubipp nhwnwpytnt dhongny:

Pwqdwwpngbunpwiht uywuwpynn hwdwlwpgh Yuynu ypdwyh hwdwp
hwjwuwlywuwjhtu hwjwuwpnwubph unwgndp Yuwwwnpynd £, Gpp npwbu A(t),
B(t), W(t), WV(k) ybpgynw tu hbnmlyw| pwotudwu $niuyghwubipp.
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At) =1—e™ %,
Bt)y=1-e",
Wt)=1—e™"t,

V(k) = i

, k=1,2,..,m,
m

npuntin a-u (a > 0) dnwnpwjhu hnuph hunbBuuhyniejniuu k, b-u (b > 0) Swnwjniejwu
huwmbuupynigyniut &, huly w-u (w > 0)' htipphg wnwownpwuph uwwuwpydwu
dwfunndwu hunbuupynieyntup:

Lwfunpn Gupwgund ubpyujugqwd upubdwind uywpwgpjwd nbwpbnu,
Gpp hwdwlwnpgp Ywpnn b wugub) L;; yhtwyh Ywiudws i, j U k thnihnfuwlwuubph
punniuwé wpdbipubphg Ywpnn U wwlwub), hGwnbwpwp win thwunp hwoyp
wnubny hwjwuwlwunigyniup, np hwdwlwpgp Ygwudh  L;; yhéwynd qunbne
hwdwp uwfu nhunwpyynud  Gu wyn  hnpnfuwywtubph  punniuwé  Ggpwjhu
wpdtipubpn npnaynn nbwpbpu, huy upubdwh hwdwwwwnwufuwu wugdnwubpu
wpuwgninud b 577, 5%, W 85, hwwwlwinipgniutbnp:

UYyuhwyi &, npppi =0 n1j =0, wwyw

b 1
Poo =EP1'O’ M

huybppi=0ntl <j<n, wyw
PO,jZO: (2)

Wu nbwpnd, Gpp1 <i<m b j =0, www

ky
1 .
Pi,O = a-}-—Lb aSL(i?l +b Z ((l —k+ 1)61'(,%)?](Pi—k+1,k)
k=k,

kq
+w Z (65_3(‘]?}(Pi—k,k+1) )
=0

npwnkin

k _{0, bpk 1<i<m
o7, tphk i =m’

k, = min(i,n),
k, =min(i —1,n— 1):
Mung £, np wyu nbiwpnid P;o-U npnonn hwjwuwnpnwiubpnd dhwj wyiu nbwpu £
10



hwunbu quihu, Gpp htipep |pnwd £ hbpph wnwoht wnwownpwupp:
Wu nbiwpnid, ipp1<i<mlb1<j<n, wwyw

a(1-68)P;,

(4)
+b Z ( k+1)5uk i k+1,k+j)

p=——
Yo a+ib+ jw

+WZ L]k l kk+]+1)+W]PL]+1 ’
k=0

npwnbin kq-u npnaynud £ huswbu bwtunpn nbwpnid, huy
ki = min(i,n —j),
ky, =min(i—1,n—j—1):
Mbwp b ulwwnb), np wju nbwpnd P;;-u npnann hwjwuwpnuubiph bwuwybpoht
gniwpbhnd  ubpwndwd £ wju nbwpp, Gpp hbpep |pnd E hbpeh  wnwohu
wnwownpwupp, huy Yybpohtu gnidwpbhnud ubpwnqwsé & wju nbwpp, Gpp hbpep prtd

E hGpph ny wnwoht wnwownpwupp: Utwg nhunwpytine ytipoht tpyne Ggpwyhu
nbwpbpp' bwubpp 1 <i<m b j=n, wyw

- @® 5
Pin = o 4 (1= 08 Pinca + 0G4 D000Prssn], - ©)

b ytipght banwjhu nbwpp, tpp i =m U j = n, wwyw
(1—5“) ) oy (6)

a+ mb + nw

Pm,n

Upryntupnud uywpwgpwd pugqdwwpngbunpwiht uywuwnpynn hwdwlwnpgh hwdwp
(1)-hg (6) hwjwuwpnuwiubipny' P;; (0 <i <m b 0 < j < n) wuhwjn thnthnfuwlwubpny,
unwgynd £ géwjhtu hwjwuwpnudubph hwdwywng, nph nwdnwing Ynpnaytu
uywuwnynn hwdwlwngh jnipwpwugnin L ; (0 < i < m U 0 < j < n) Jhbwlynid
hwdwlwpgh gunuybint hwjwuwlywunyeniuubpp:

Udtihu, pwup np P; (0<i<m UL 0<j<n) wuhwjun hwjwlwlywunyeniuubpp
dhunyu  wwwwhnyeh  pnipp huwpwdnp  Gpbpht hwdwwwwnwufuwuunn
hwjwuwlwuniygniuubpu - Bu, www npwup pwjwpwpnd  Bu twl  hGnlyw)

unpdwnijwu wwjdwuhu.
m n (7)
2.0 Fu=t

i=0 j=0
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2.4 Gupwqjunid ubpyuwjwgywsd Gu pwqdwwpngbunpwiht uwwuwnpynn
hwdwYwpgh dnnbwynpduwu hwdwp nnpn2 hwyjwuwywunteyniuubiph
uywpwgpnipjniuutipp U npn2 wwwwhnypubph uwhdwunwubn:

2.5 Gupwqunid  ubpyuwjwgywd Gu dh  pwup odwunwly
hwywuwlwunipniuubph b bwfunpnhy uwhdwuywsd npng hwjwuwlwunyeniuubph
wpdbtpubiph hwoywpydwu pwuwdélbph wpunwdnwiubipp:

2.6 bupwqunid ubpyuwjugwsd b pwgiwwpngbunpwiht  uwywuwnynn
hwdwlwpgh woluwwnmwuph Ywiniu nbdhdh wugubint hwuwnny wwjdwuwynpywd
hwdwYwpgh Yujniw yhdwyh hwjwuwlwuniypniuubph unwgnwdp, npp dlwybpwynid
k htnlyw| pbnptidh nbupny’

@bnpkd. (1)-hg (6) hwlwuwpnudubpny géwiht  hwywuwpnuwubiph
hwdwlwpgp pun P (0 < i <m U0 <j < n) hnthnfuwlwubph nwh msnud inpgwsd
wwpwdbwnpbph nbwpnud:

2.7 Gupwgqumd nhwnwpyytp £t wpuwwnwupnd  uywpwgpywd
pwqdwwpngbunpuwiht uywuwpydwu hwdwlwpgh dnnbp Jwutwynp nbwpnd
dwutwynpwwbiu tpp hwdwlwpgnwd hbpe syw: hush wpryniupnd  hwdwlwpgp
uywpwgpnn npn2 wwpwdbwpbp pwg Gu ennuynd b hwdwlwnpg dwdwubiniu wtu
wnwownpwupubpp Gupwyw btu Ywd uwywuwpydwtu hwdwp pupnudwu Jud
dbpddwu: Unwownpwuplbpp unwund Gu dwnwjnigjwu dbpdnud, bl hwdwlywng
dnunp gnpdtijhu wyuhwjwn £ nwnunud, np hptiug hwdwwywwnwufuwt ywpwdbunptpng
uwwuwnynidp sh Yupnn pwdwpwpytb: Fw nbnp £ nwbunad, Gpp hwdwlwngp sniup
wuhpwdbion wquwn wypngbiunpubip wnwownpwuph uwwuwpynuwp ufubnt hwdwn:
Wu nbwpnd hwdwlwpgh Yuwinit dpbwyh hwyjwuwlwunipniuubph unwgdwu

hwdwp Ywwwpyb] § wuwpnpy wpnwdnd hush wpryntupnud £ unwigyby
hwdwlwpgh Yujnia ypdwlh hwjwuwynipyniuubnh quwhwnbint hwdwp pwuwaél.

Pk=%('l’§)1>o, k>1

npntin P, Upwuwynwip ubpyuwjugunud £ hwjwuwlwunieyniup, wju pwuh k hwwn
wnwownpwupubpp uywuwpyynw Gu hwdwlwpgnud, o<-u uwhdwuynd £ npwbu
wnwownpwupubiph  dnuwnpwjhu hnuph b uywuwpydwt huwnbupynigyniuubiph
hwpwpbipnieintu, huy m-p hwdwlwpgh uywuwpynn hwugnygubiph phyu t:

Lwuh np hwdwluwpgh hgnpnyeyniup dbpowdnp £ nhgnp  winwgwnpwupubiph
punhwunip phyp, npnup Ywpnn Gu uywuwpyybi n £, wwyw unpdwinipjwt ywydwuh
ognwagnpddwdp Py-u wpnn £ npnayt hbunlyw Yepw.

1

1+ S (3)

P0=
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2.8 Gupwqjunid  ubpyuwjwgywd b woluwwmwupnd  nhunwpyywsd
pwqdwwpngbunpuwiht  hwdwlwpgnd  wnwyb] owywhdw| uwywuwpydwy dnnb|’
nhnwnpyynd £ hwdwlwpgnd wnwewnpwupubiph uwwupydwu punhwwnwubpp’
wugwybinbp(checkpoints) uwnbtindtint  dbGfluwuhqdp  Yppwndwdp  punhwndwsd
wnwownpwuputipp  htpend - wwhbiny:  Lwpwgpynd £ wnwownpwupubiph
uwywuwnydwu puwnpnigwu U hwenpn punhwwndwu dwdwuwyp npnabint wignpheu:

Unwowpyynn wignpphedp Ywpnn £ dwnwjt] npwbu wuhpwdbion wwjdwu
wnwownpwupubph uywuwpdwu hwdwp wnwug punhwwndwt, wjuhupu Gt htpep
sh upnn uywuwnyyb| punhwwndwdp, www wiu sh Yupnn uywuwnpyyb bwb wnwug
punhwwndwu:  Unwowplynn wignphpdp twlb  Jwwwpnd § hGpeh  ypéwyh
Uwiutwlywu quwhwwnWd b wwjhu b wnwowplyubp uywuwpydwu  huwpwynp
hbppwywunyejwu dwuhu:

Gppnpn qiumid uGpyuwywgdwd b wpluwwnwupnd  Yuwnwpywd
htwnwgnunigyniuutph hhdwt  Jpw  Yhwnwlwu  wpryniupubp' uupwgpqus k
pwqudwwpngbGunpwjhu uwywuwnynn hwdwywpgh Yuyniu ypdwyh
hwjwuwlwuniegyniuubph  unwgdwu  hwdwp  pYwiht  wignphpedh  Jowldwl,
hwdwywpgh woluwwmwuph pupwgpnud dwdwuwyh npnawyh wwhht wnweownpwuph
dnunph  dbpddwtu U wnwownpwuph  dwiunndwt  hwjwuwlwuntgniutbph
guwhwwdwu pupwgpubpp:

3.1 bGupwqpund ubpluwjwgywsd L pwgdwwypngbunpwiht  uwywuwpynn
hwdwwpgh Yuyntu ypbwyh hwjwuwlwunipniuubph unwgdwu hwdwp (1)-hg (6)
hwywuwpnuiubpny  hwywuwpnwiubph  hwdwlwnpgh  nddwu  gnpdpupwgn:
Jdbpinstind  hwjwuwpnuiubph  hwdwlwpgh Junnigwsépp U hwwnynieniuubipp
ujwwnynw £, np hwywuwpnwubph hwdwlwpgp qéwihu £, pwuh np wuhwjn
thnipnfuwlywu  hwunpuwgnn  hwjwuwwunyeniuubpu hwjwuwpnwubpnid
ubpyuwjwgywsd Gu gdwhu Yndphuwghwubpny: Gpypnpnp np Yuplinp £ uluwnb), wiu
E np, (1) -hg (6) hwwuwpnuwiubipny ubpluwjwgwsd hwwuwpnwubph hwdwywpgp
hwdwubn t: Cwjwuwpnuiubph hwdwlwpgh hwdwubnnygyniup uywnbing' nddwup
Yupbih £ dnnbuw)’ dinfubing hwdwlwpgh hwwuwpnwubiphg deyp (7) wwjdwuny,
nph wpryntupnud Yuwnwgyh géwiht hwwuwpnidubph ng hwdwubin hwdwwpg: huy
hwwuwpnudubph hwdwlwpgh gdwjhuniginiup eny) £ wwjhu nsdwu hwdwp
Yhpwnb] wnwppbp dwpbtdwwnpywywu dbennutp géwihu hwdwlwpgbph nddwu
hwdwp:

Lwdwlwngbph  nédwu  hwdwp  Yppwnynd £ qéwjhu hwywuwpnuiubpp
hwdwYwpgbph  Mddwt  wdbtwpunhwuny  dninbignd'  oguwgnpdbing  npw
dwwnphgwiht  ubpluwjwgnup  hwywuwpnwutph  hwdwlwpgp  ndkine hwdwn:
Wuwhuny twfu Ywnnigynd £ A dwnphgp, npp ubpjujugund EP; (0<i<m L0 <
j<n) wthww hwjwiwlwunyeniuubph qéwihtu  Yndphuwghwubpnd npwug
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gnpdwlhgubiph  dwwphgp, puly b dtlwinpp, npp ubplugwgunud £ own gdwihu
Yndphuwghwutiph wpdtipubiph yGywnnpp: 4 dwwphgp (m+ D(n+ 1) x (m+ 1)(n +
1) swihh pwnwYynwh dwwppg k, huYy b yehunnpp (m + 1)(n+ 1) x 1 swithh y&hunp
ujniu k:

Jdbpwuwtind jwwnwpdwsd tpwuwyndubpp hwjwuwpnudubph hwdwYwpgp Ygpdp
htinlyw) Yepw.

Ax =Db,

npwnbin x-p aywnp uini £, npp ubpyujugund £ P ; (0 < i <m b 0 < j < n) wuhwjin
hwywuwlwunipniuubpp: Kwjwuwpnuutiph hwdwlwpgh wjuwhuh ubplujwgndng
wyblh wwpg £ onwnund hwdwlwpgh Ywnnigqwsép b niddwu  gnpdpupwgn:
Lwywuwpnwiubph hwdwlwpgp nstine hwdwp dowyyb| £ pdwjhu wignphpey, npu
hpwywuwgyty Lt Python Spwgpwynpdwu |kgyny' oguwgnpdtiing NumPy
gpwnwnpwuh npng gnpdhpubin: Uowljwd wignphpdtu wwywhnynd £ pquwjhtu nuwuwy
pwqdwwpngbunpwjhu uywuwpydwu hwdwywpgh Yuwyntu yhbwyh
hwwuwlwunipntuubpp hwoywpytnt hwdwp:

3.2 Gupwqjunid ubpyuwjugwsd bu pwgqdwwpngbunpwiht uywuwpydwu
hwdwwpgh YJuuwpnnwywunygjwtu  npng - swthwupgubph  uwhdwunwubp W
ybpndnipiniu, dwdwuwyh npnpwyph wywhhtu wnwownpwuph dnunph dbpddwu W
wnwownpwuph dwfunndwu (Gpp wnwownpwupp pnnund £ hbpep pp uywudwu
dwdwuwyh  wlwpwh  wwwdwnny) L wnwownpwuph  hbppwgpdwu
hwyjwuwlwunipyniuubph qguwhwwnidp:

Unwownpwuph dnwnph dwdwuwl, hwdwwpgp dbpdnd £ npw dnunpp, bGeb
htpend uwywunn wnwownpwupubnh phyp hwub) £ hp wnwybwgnyu pwuwyhu' n-
hu: Uy Ybpwy wuwsd, wnwownpwuph dnunph dbpddwt  hwjwuwywuniyeniup
hwdwlwpgh woluwwnwuph pupwgpnd Ywpbih £ hwoyupyty' hwodh  wnubinyg
hwdwYwpgh wju Jphdwlubph hwjwuwlwuniyeniuubpp, npntin hbpep  (hnyhu
gqrwnywé E: Ununph dbpddwt hwjwuwlwunieynitup, npp tpwuwyynd Lt P-ny,
wpunwhwjnynd £ hGnlyw) Yepw.

< aP
a.
pr=§ _ %in
: 0a+lb+nw
=

<bppnud wnwownpwuph dwfunndwu hwywuwlwunieniup, npp tawuwyynd £ Pe-
ny, Yupbp £ hwoyt| hwdwlwpgh yhbwyubiph hwwuwywuniejniuutph dhongny

htnlyw| pwuwauny.
ZZ a+ib +]W

i=0 j=1

npwnbn, huwtu  Jbpund, a-u ubpyuywgund £ wnwownpwupubph dnunph
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huwbuupynipniup, b-U' uwwuwplydwu hunbuuhynyeiniup, w-u' hbppnud uwywudwu
dwdwuwyh uwwndwu wwwnbwnny wnwownpwupubph dwfunndwu
huwnbuuhynteyniup, huy Pj(0<i<m L 0<j<n) ypdwyubph
hwjwuwlwuniygniuubpu Gu,  bGpp  hwdwlwpgnd  uwwuwpyynmd  Gu - §
wnweownpwupubip U j wnwownpwupubp uwywunid Gu hbppenid:

Wuwbn uwhdwuynd £ twlb hwdwlwpgh ogwwgnpddwtu gnpdwyhgp, npp
hwunpuwunw § uywuwpydwu hgnpnypjut ywhwush b hwdwlwpgh punhwunip
uywuwnpydwu  hgnpnigjwu  hwpwpbpnegniup: <wdwlwpgh  ogunwgnpddwu
gnpdwlhgp Lpwuwyynud £ p-ny b wpnwhwjnygnud £ hGinlyw Yepw.
a(m+1)(1—PB)(1 - P)
p= 2mb :

3.3 Gupwqunuid ubpluwjwgywsd L dnnbjwynpynn hwdwlywnpgh wnpdwsd
wwpwdbunptph b pwofunudubph hwdwp uywuwpydwt owwnhdw] wwpptpwyh
npnadwt pupwgpp: <wdwlwpgh wwpwdbwpbph npdwsd pwotunidubph hwdwp
hwdwwpgh Ynndhg wnwownpwuph dnunph dbpddwu P U hbppwgpywd
wnwownpwuph dwfunndwtu Pr hwywuwlwunyginiuubiph dhongny  huwpwynp £
nwnund quwhwwb| P, hwjwuwlwunigntup, npp hwunhuwunwd £ hwdwlwpgh
Yndhg suwywuwpyynn wnwownpwuubph pwuwyh hpduwlywu gnighsp.

P =P+ (1 - P)Ps:

Uyuhwywn k, np Gpp hwdwlwpgnud hbpe sw wwyw P dGpddwtu hwjwuwlwuniegyniup
hus np wpdtip nuh, huy Pe-p gpn £ U Gpp hwdwhwpgnud hbpe Yw no htipph
Gpywpnipyniup ddwgyh, www P. dbpddwt hwjwiuwlwunypjwu wpdtpp Yégunh
qnnh, huy Pr hwjwuwluwuniejwu wpdbpp' dbyh, wjuwhuny.

n=0 = 0<P <1 P=0

n-oo = B-0, P-1

<woyh wnubnd wyu thwuwnp' fuunhp £ npdb) P hwwuwywuniegjwu dhuhdhqughwu
Ywuwwpb] pun htipph Gplwpnyejwu thnihnfudwt' gunub hbpeh Bpywpniejwu wju
wpdtipp, npph nbwpnud P, hwjwuwywuniejnup punniund £ hp thnppwgnyu windtpp
hwdwlwpgh wpdwd wwpwdbnpbph nbwpnud U dhlunyu dwdwuwly hwdwlwnpgh
ognwagnnddwu gnpdwlhgp thnpp k |hunwd dyhg (p < 1):

Wu nbiwpnuw unywbu dowydb) £ pqwiht wignpped, npp huwpwynpnyeyniu £ wnwihu
nywd pwuwyh ypngbiunpubipny pwqdwwpngbunpwihtu uywuwnplydwu hwdwlwpgh'
wnwownpwupubph  dnunpwjht hnuph, uwwuwpydwtu L hEppwgpqwd
wnwownpwuph dwfunndwu wpdwd hunGuuphynieniuubph hwdwp wwpgb) hbpeh
BEpywpnigywu owwnhdw] wpdtpp: hush wpryniupnud tnpdwd wwpwdbwpbpny W wn
Bpywpnigywdp hbpeny hwdwywnpgnd Yihuh uywuwpldwu owywunhdw| wwppbpwy:
[FJwjhu  wignpppdu  hpwywuwgybp £ Python dhowywipnd, ppwlwuwgnudp
ubpyuwjwgyws £ <wybywsd 1-nd:
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3.4 Gupwqpunud ubpyuwjwgywsd Gu thnpédwpwpwlywu hwojwplubp, npnup
Ywwwpynwd U nhnwpywsd pwgdwwpngbunpwiht uwywuwnpynn  hwdwlwpgh
wwpwdbwpbp, huswyhupp Gu' dnwnpwihtu hnuph, uywuwpydwu W hbpend gunuynn
wnwownpwuptbiph uywuwpydwu fuwwunwubph punBuuhynienitubph hwdwp
punpywd npnawyh wpdbpubph nbwpnud: Oguwgnpsting hwoynwiubph hwdwnp
punpwsd hwdwywpgh wwpwdbupbpp hwodwnyyb) 65U wnwownpwuph depddwu b
htipprwapywsd wnwownpwuph dwiunndwu hwywluwywunienwiubpp, hwdwlwpgh
ognwgnpddwu gnpdwyhgp b wpdwd wwpwwbwpbhp hwdwp  uwwuwpydwu
owwnhdw| lwppbpwyp:

Uuwwmwuph hhduwywu wpnyniupubpp.

Wu  woluwwmwuph  gpowtwlubpnd  pwqdwwpngbunpwiht hwdwlwpgp
dnnbjwynpyti b Yhpwntind quugwdwiht uwwuwpydwu dnnbiubph wbunyenwup, h
wmwppbpnginlt nwuwywu  quugwdwiht  uwywuwnpydwu dnnbubph, npnup
ognwagnnédnd U JGY uwwuwpynn uwpp jnipupwtgnip wnwownpwuph hwdwp,
wjuinbn purqwuyb] £ hGnwgnundwu  ninnniggniup nbwh  pwqdwwpngbunpwihu
hwdwwpgbp, npnugnid jnipupwtginip wnwwnpwup Ywnpnn b uwwuwnpyyby delhg
wybilh uwppbph dhwdwdwuwly oguwgnpddwdp:

e Unwownyynw £ pwqdwwpngtunpwiht hwdwlwpgbph nwniduwuhpnypjuu
dnuinbignid, npwbu purqwjudws quugqyudwiht uywuwpydwu dnnbi, npnwd
ubGpwnyb] U wnwownpwupubph wwwwhwlwu pYny wpngbunpubiph
pwuwyh L htipentd npwug uwywudwu dwdwuwyubph
uwhdwuwthwynwiubn[t, 2, 3, 4, 5]

e Cuwjwsé quugwdwiht uywuwpydwu dnnbh Jdhongny ulwpwgnyb| &
pwqgdwwpngbunpwjhu hwdwywpgh ypéwyubpp L npwug
hwjwuwlwunigyniuubph - hwdwp  wpwnwddty £ hwywuwpnwiubph
hwdwYwpg, nph  nddwu  hwdwp  dwlds t pdwhu  wignpppd’
hpwywuwgywsd Python dhowydwjpnid: Uwutuwynp nbwpbipnd hwdwywpgh
ypdwlubph hwjwuwywunigniuubph hwdwp  wuwhnpy pwuwdbbp Gu
wpunwdyby[6, 7, 8, 9, 10]:

e  Spwd pwptunwiubph hwdwp uywuwpydwt  wwpwdbnpbph  owwnhdw)
punpnieiniu Ywwwpbint hwdwp  wprnwddl b hwdwlwpgh  Ynndhg
wnwownpwuplbph suywuwpydwdp npnaynn hwjwuwywuniypjuu pwuwdél,
npny npnaynn hwjwuwlwunigywu wpdbiph ujwgbgdwu hwdwp dowlyt b
hpwlwuwgyby b pYuwiht owwhdhquighwih wignphed(11]:

Spwywpwlyjws wrjuwwmwupubph guiy
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WCCNEJOBAHUE OYEPEAU MHOTOMNPOLLECCOPHOI BbIYMCIUTE/LHOIA
CUCTEMbI C OTPAHUHEHWEM HA BPEMA OXUIAHUA

A6cTpaxT

B obnactu MHPOPMALMOHHbIX TEXHONoruit WNHTEHCUBHO BefyTcA
uccnepoBatenbckue paboTbl, B KOTOPbIX MAET peyb O pacrpefeneHHbIX U napanienbHbIx
BbICOKOCKOPOCTHbIX BbIYNCIUTENBHbIX cUCTeMax. B HacToAllee BpemA ucrnonb3oBaHue
TakUX cucTeM OOYCNOBNEHO pasBUTUEM pAJA HanpaBleHWi, B YaCTHOCTU, OHM
MCMONb3YIOTCA B MHOTOAreHTHbIX WHTENNEKTyanbHbIX MeTofax Mmoucka uHdopmauum, B
Hayke O JaHHbIX AnAa obpaboTkM M xpaHeHuA 6onbluMx OObLEMOB AaHHbIX, a Tak¥e B
Hay4HbIX obnacTAx. OJA pelleHUA CHOMHbIX UCCNefoBaTenbCckux 3ajady. Kpome Toro,
3afayum MOJENMPOBAHUA HaykM U TEXHUKW TpebytoT Gonblueli TOYHOCTU, ObICTPbIX K
MacLUTabHbIX pacyeToB, CIOMHOCTU KOTOPbIX MOMHO 0D0MTY 3a CHET UCMONb30BaHMA TaKUX
BbIYNCAUTENBHbIX CUCTEM.

B coBpemMeHHbIX MHOrOMPOLECCOPHBIX CUCTEMax MPUIOMEHUA CTaHOBATCA Bce bonee
pasHoobpasHbIMM WM AUHaMUYHbIMM.  3ajayu,  pellaemble  C  MOMOLLbHO
MHOFOMPOLLECCOPHbIX CUCTEM, TPeOYIOT KpynHOMacLUTabHbIX BbIYUCNEHNIA, BbIMONHAEMbIX
C wucnonb3oBaHWem Gonee 4em OfHOro npoleccopa. B pesynbtate BO3HMKaOT
onpepeneHHble Npobnembl, Kak OpraH©30BaTb OJHOBPEMEHHOE BbIMONHEHWNE HECKONbKUX
33ga4 ¢ 9QEKTUBHbIM  WUCMONb30BaHMEM  PECYPCOB  MHOTOMPOLECCOPHOI
BbIYNCINTENBHOW CUCTEMbI. DTO BaMHbIil BOMPOC B KOHTEKCTE pa3paboTku anroputMoB
MNaHUpOBaHWA ANIA TaKUX CUCTEM.

OdppekTMBHbIE  anrOpUTMbl  MNAHUPOBAHWA  OJA  MHOMOMPOLLECCOPHbIX  CUCTEM
npencraenAloT coboii BaHyro obnacTb wuccnefoBaHWii B obnactu uHdoOpMaTUKKU U
napannenbHblX BbluucieHuit. OHW TpebytoT onpefeneHHoro MOHUMaHWA CTpaTeruii
afanTUBHOIO NNaHMPoBaHUA U 3PPEKTUBHOMO pacrpefeneHna CUCTEMHbIX PecypcoB A
ONTUMM3N3ALUM Pa3NYHBIX MapaMeTPOB, Takux Kak MPOMyCKHaA CMOCOBHOCTb CUCTEMb,
3afepHKa obcnymBaHuA, sHeproapeKTMBHOCTb U T. f.

Takum obpasom, NpoLEecC CoBEepLUEHCTBOBAaHUA arOPUTMOB MNaHUPOBaHUA [OCTaTO4HO
OVHaMUYeH, TO ecTb CyLLEecTByeT MOCTOAHHaA HeobXOAMMOCTb yu4nTbiBaTb BCe Honblue
nokasateneii B ocHoBe ux paspaboTku. C Lenbio MOBbllleHUA 3PPeKTUBHOCTU pAAA
aropuTMOB MNaHUPOBAHWUA MOCNELHErO MOKONEHNA MpU UX pa3paboTke UCMOMb3YIOTCA
MHCTPYMEHTbI TEOPUM OMTUMU3ALWUU U MaLUMHHOTO obyuyeHus. LleHHyto nHdpopmaumio
MOMHO MONYYnTb W TOrAad, KOrpa 3T CUCTEMbl paccMaTpuBalOTCA B pamKkax Mopeneit
MaccoBoro obcnysuBaHms.

YunTbiBasA BbllIeN3NOMEHHOE, B JaHHOI paboTe paccmaTpuBaeTcs MHOronpoLeccopHas
cUcTeMa Kak MOJENb MaccoBOro OOCNyMMBaHWA, B KOTOPOW 3afaloTcaA  ycrnosue
napannenbHoro obcnyuBaHWA 3aia4y M OrpaHUMYeHUEe BpPEeMEHW OXWAAHWA 3ajay B
ovepenm.
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Llenb n paccmatpusaembie 3agaumn

B paHHoili paboTe uccnemyeTcA MHOronpoLeccopHas cucTema C MPUMEHEHUEM TEOpUM
maccoBoro obcnymuaHuA. COCTOAHWME BbIYUCAUTENBHOW CUCTEMbI HOCUT CRyyvaiiHblit
xapaktep. BxopHoli MOTOK 3apjay, MPOJOMKUTENBHOCTb UX OBCNYMMBAHWA, KONMYECTBO
Tpebyembix BbIYUCIUTENBHBIX PECypcoB, Mpefen [AOMYyCTUMOrO BPEMEHW OMUAAHUA B
oyepeay — BCeE 3TO CnyyaiiHble BEANYMHDI.

e [locTaBneHa 3agaya uccnefoBaTb, onmvcaTb M CMOJENUPOBaTb COCTOAHMUA
CHUCTEMbBI, Y4YUTbIBaA CyyaiiHoe KONMMYecTBO TpebyembiX BbIYUCAUTENbHbIX
pecypcoB i 3afay U orpaHUYeHUA Ha BPeMA OXWAAHUA B OUEPELM.

e [lnAa 3apaHHbIX MNapamMeTpoB CUCTEMbl W pacrnpepeneHunii paccuuMTatb
3HayeHUA BEPOATHOCTEN COCTOAHWI W HaWTM ONTUManbHbIi BapuaHT
obcnymuBaHuA. PesynbTaTbl NpeacTaBUTb B BUAE aHaNUTUYECKUX WU
YMCIEHHBIX PeLLEHN.

TeopeTnyeckas u npakTnyeckas 3Ha4MMOCTb pa6oTbl

MNpepnomerHble B pe3ynbTaTe MCCNefoBaHWA MeTofbl Mofxofa K WCCNeAoBaHUIO
COCTOAHWA MHOTOMPOLLECCOPHbIX CUCTEM MO3BONAT PAaCLUMPUTL WX UCCIemoBaHWe Mpu
pasnnyYHbIX HaYanbHbIX NapameTtpax. [lonyyeHHble pesynbTaTbl MOrYT ObITb UCMONBb30BaHbI
B a/ropuMTMax NaaHUpOBLLIMKOB o4epeeii MHOronpoL,ecCopHbIX CUCTEM.

Crpykrypa u o6bem pabotbi

[vccepTauma coctonT U3 BBeAeHUA, 3 rnaB, CMKUCKA UCMONb30BaHHOW nuUTepaTypbl U 2
npunoxennii. [ucceptauma HanucaHa Ha 103 cTpaHuuax M umeeT 67 cCbiNkM Ha

nuTeparypy.

OcHoBHble pe3ynbTartbl paboTbl

1. TlpepnaraeTcA NOAXOA K WCCNEAOBaHUIO MHOFOMPOLLECCOPHbIX CUCTEM Kak
pacLUMpeHHO MOLENU MaccoBOro OOCNyMMBaHWA, BKAKOYalOLel cnyyaiiHoe
KONMYECTBO MPOLLECCOPOB ANA 33fiay U OrPaHWNYEHNA Ha BPEMA WX OMUAAHUA B
ouepenum [1, 2, 3, 4, 5].

2. C nomouibto paclUMpeHHO MOLENM MacCoBOro OOCNyMMBaHWA OMUCaHbI
COCTOAHWA MHOTOMPOLLECCOPHOI CUCTEMbI, U 1A BEPOATHOCTEN 3TUX COCTOAHMI
BbIBEfleHa CUCTEMA YPaBHEHWIA, ANA peLleHnA KoTopoii pa3paboTaH YMCIeHHbI
anropuT™m, peanusoBaHHbli B cpefe Python. B uyacTHbIx cnyyasx nonyuyeHbl
aHanuTuyeckue hopMynbl ANA BEPOATHOCTEW cocToAHMIA cucTembl [6, 7, 8, 9,

10].
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3. [na 3apaHHbIx pacnpepeneHuii BbiBefeHa cpopmyna OnAs  BEPOATHOCTH,
ornpeaenAemMoli HecepBUCHbIMM 3afayamnm B CUCTeMe, YTOObl OMTMMAbHO
BblbpaTb nNapameTpbl 06CAYMMUBAHUA. [lNA YMEHbLUEHWA 3HA4YeHWA [aHHOVA
BEpPOATHOCTU pa3paboTaH W peann3oBaH YUCIEHHbIA anropuTM ONMTUMM3aLUK

[11].
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STUDY OF QUEUES IN A MULTIPROCESSOR COMPUTING SYSTEMS
WITH A WAITING TIME RESTRICTION

Abstract

In the field of information technology, significant research is being conducted on
distributed and parallel high-speed computing systems. These systems are essential in
areas such as multi-agent intelligent information retrieval, data science for processing
and storing large volumes of data, and scientific research addressing complex problems.
The demands for increased accuracy, faster computation, and large-scale calculations in
scientific and technological modeling also necessitate the use of such computing systems.

Problems that require large-scale computations often rely on multiprocessor systems,
which involve more than one processor. This introduces challenges in efficiently managing
the simultaneous execution of tasks while optimizing the use of resources within the
multiprocessor system. Addressing these challenges is crucial in developing effective
scheduling algorithms for such systems.

The development of efficient scheduling algorithms for multiprocessor systems is a key
area of research in computer science and parallel computing. They require some
understanding of adaptive scheduling strategies and efficient allocation of system
resources to optimize various parameters such as system throughput, service latency,
energy efficiency, etc.

The dynamic nature of scheduling algorithm development requires the continual
incorporation of additional metrics. Optimization theory and machine learning tools are
often employed to enhance the efficiency of next-generation scheduling algorithms.
However, valuable insights can also be gained by analyzing these systems using queueing
theory.

This study examines a multiprocessor system as a queueing model, where tasks are
processed in parallel, and constraints on task waiting times in the queue are taken into
account.

The purpose and problems of the work

This work investigates a multiprocessor system using queueing theory. The system's state
is random, as the flow of incoming tasks, their service duration, the required amount of
computational resources, and the limitation on waiting time in the queue are all random
variables.

e The aim is to study, describe, and model the system's states by examining the
random number of computational resources required by tasks and the
limitations on waiting time in the queue.
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e  For the given system parameters and distributions, calculate the probabilities of
the states and determine the optimal service option. The results should be
presented in the form of analytical or numerical solutions.

The practical significance of the work

The proposed approach to studying the state of multiprocessor systems allows for the
exploration of these systems under various initial parameters. The results obtained can
be applied to the queue scheduling algorithms in multiprocessor systems.

Structure and scope of work

The dissertation consists of an introduction, 3 chapters, a list of used literature and 2
appendices. The thesis spans 103 pages and references 67 literature sources.

The main results of the work

1. A research approach is proposed for studying multiprocessor systems as an
extended queueing model that incorporates random numbers of processors for
tasks and limitations on their waiting times in the queue [1, 2, 3, 4, 5].

2. Through the extended queueing model, the states of the multiprocessor system
are described, and a system of equations for the probabilities of these states is
derived. A numerical algorithm, implemented in Python, has been developed for
solving this system. In specific cases, analytical formulas for the probabilities of
system states have been derived [6, 7, 8, 9, 10].

3. For the given distributions, a formula for the probability determined by the non-
service tasks in the system has been derived to make optimal choices for service
parameters. A numerical optimization algorithm has been developed and
implemented to minimize this probability [11].
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