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5 
 

 

 

  



6 
 

𝑄

𝑄
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ℛ ∼ exp(−𝑟/𝜉)

𝜉 𝜉

ℛ ∼
1

𝑟𝛼



8 
 

ℛ ∼
(log 𝑟)𝛽

𝑟𝛼

  

𝑠

𝑃(𝑠)~𝑠−𝜏

𝜏
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 

 

 

 

 

 

 
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𝐺 =

(𝑉, 𝐸)

ℎ𝑚𝑎𝑥(𝑣) 𝑣 ∈ 𝑉

𝑇

𝐶𝑇

ℎ𝑚𝑎𝑥(𝑣)

𝑇 + 1

𝐶𝑇+1 𝑣

𝑑𝑣 ℎ𝑚𝑎𝑥(𝑣) = 𝑑𝑣 𝑣

ℎ𝑚𝑎𝑥(𝑣) > 𝑑𝑣

𝐶𝑇+1

  



11 
 

  

  

  

𝑐 = −2

  



12 
 

  



13 
 

․
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𝑂(𝑛)

 

 



15 
 

𝐿 𝑃

𝑧

𝑣𝑠𝑡(𝐿, 𝑃, 𝑧) =
(𝑃 − 1)! (𝐿 − 𝑃)

(𝐿 − 1)!
∑

(𝐿 − 𝑖 − 1)!

(𝑃 − 𝑖)!
𝑧𝑖

𝑃

𝑖=1

=
𝐿 − 𝑃

𝐿 − 1
 2𝐹1(1,1 − 𝑃, 2 − 𝐿; 𝑧),

𝜌 = 𝑃/𝐿

𝑣𝑠𝑡 = 𝑧
1 − 𝜌

1 − 𝜌𝑧
:

𝑣𝑠𝑡 =
𝐿 − 𝑃

𝐿 − 1

 

 
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𝑣𝑠𝑡(𝐿, 𝑃, 𝑧) =
𝑧

𝑃
+ 𝑧

(𝑃 − 1)(𝐿 − 𝑃 − 2)

2𝑃(1 − 𝑧)

 2𝐹1 (2 − 𝑃, 3 − 𝐿 + 𝑃, 3;
1

1 − 𝑧
)

 2𝐹1 (1 − 𝑃, 2 − 𝐿 + 𝑃, 2;
1

1 − 𝑧
)

։

 

𝑝𝑚𝑜𝑏 = √2 − 1,

𝑝(1) =
57

4
− 10√2,

𝑝(2) =
1

32
(72817√2 − 102977)։

   

𝑃𝑟𝑒𝑡 = 5/16,

〈հ〉 = 𝑃1 + 2𝑃2 + 3𝑃3  + 4𝑃4 = 25/8 = 3.125։



17 
 

𝑃1 =
2(𝜋 − 2)

𝜋3 , 

𝑃2 =
1

4
−

1

2𝜋
−

3

𝜋2 +
12

𝜋3,

𝑃3 =
3

8
+

1

𝜋
−

12

𝜋3,

𝑃4 = 1 − 𝑃1 − 𝑃2 − 𝑃3 =
3

8
−

1

2𝜋
+

1

𝜋2 +
4

𝜋3 ։

𝜎𝑎,𝑏(𝑟) = 𝑃𝑎,𝑏(𝑟) − 𝑃𝑎𝑃𝑏 = 𝑆𝑎,𝑏

1

𝑟4
+ 𝐷𝑎,𝑏

log 𝑟

𝑟4
+ 𝐾𝑎,𝑏

log2 𝑟

𝑟4
…,

𝑆𝑎,𝑏 = 𝛼𝑎𝛼𝑏𝐶 + (𝛼𝑎𝛽𝑏 + 𝛽𝑎𝛼𝑏)𝐵 + 𝛽𝑎𝛽𝑏𝐴,

𝐷𝑎,𝑏 = 2𝛼𝑎𝛼𝑏𝐵 + (𝛼𝑎𝛽𝑏 + 𝛽𝑎𝛼𝑏)𝐴,

𝐾𝑎,𝑏 = 𝛼𝑎𝛼𝑏𝐴,

𝛼1 = 0 ,    𝛼2 = 1 ,                  𝛼3 =
8 − 𝜋

2(𝜋 − 2)
  ,                   𝛼4 = −

𝜋 + 4

2(𝜋 − 2)
  ,

𝛽1 = 1 ,    𝛽2 = 0 ,    𝛽3 = −
48 − 12𝜋 + 5𝜋2 − 𝜋3

4(𝜋 − 2)2   ,   𝛽4 =
32 + 4𝜋 + 𝜋2 − 𝜋3

4(𝜋 − 2)2   ,

𝐴 ≅ −
2(𝜋 − 2)2

𝜋6

𝐵 ≅ −0.0045 ± 0.0005

𝐶 ≅ −0.009 ± 0.0005

𝐴

𝐵  𝐶

𝜎1,𝑏(𝑟)
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𝑏 = 2,3,4 𝐴

𝐵

𝐵 = −
2(𝜋 − 2)2

𝜋6 (𝛾 +
3

2
 log 2) −

(𝜋 − 2)(16 − 5𝜋)

𝜋6 = −0.0047305 …,

𝛾 = 0.57721 …

𝐶 𝑎, 𝑏 ≥ 2

․

 

𝑃1

𝑃1,1(𝑟) 𝑟 ≫ 1

 𝜃

4 × 4

 

 

 

𝜌𝑡ℎ(ℎ0)

𝜌𝑠𝑡 = 17/8 = 2.125

ℎ0 = 0

𝜌𝑡ℎ(0) = 2.125288 …

𝜌𝑡ℎ(ℎ0) 𝜌𝑠𝑡
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(ℎ0 → −∞)

 

𝑃𝑎 =
(4 − 𝜋)(9𝜋 − 22)

3𝜋2 , 𝑃𝑏 =
2(4 − 𝜋)(11 − 3𝜋)

3𝜋2

 𝑟

𝑘

 

 

 

 
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〈𝑛0(𝑡)〉 = 4〈𝑛(𝑡)〉 + 𝑂(1), 𝑡 ≫ 1

〈𝑛(𝑡)〉

 

 
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𝑛

  

𝑛 ≥ 4

2𝑛 − 4
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𝑘

𝑘

𝑘 = 0
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𝑘

𝑘

𝑘

𝑛 𝑘

 𝜏(𝑛, 𝑘)

 𝑇(𝑛, 𝑘)

 𝐸(𝑛, 𝑘)

𝑇(𝑛) ≥ ⌈log2 𝑛⌉։

  

𝑇(𝑛) = ⌈log2 𝑛⌉։

2𝑛 − 4

․



25 
 

𝑇MGG(𝑛) ≥ 2⌈log2 𝑛⌉ − 3։

𝜏(𝑛, 𝑘) 𝑇(𝑛, 𝑘)

𝜏(𝑛, 𝑘) ≤ ⌊(𝑘 +
3

2
) (𝑛 − 1)⌋ ։

𝑛𝑘

2
+ 𝛺(𝑛) ≤ 𝜏(𝑛, 𝑘) ≤

𝑛𝑘

2
+ 𝑂(𝑛 log 𝑛)։ 

  

  

 

 
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𝑇NOHO(𝑛) = ⌈log2 𝑛⌉։

𝜏(𝑛) = 2𝑛 − 4, 𝑛 ≥ 4։

 

𝑘
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 

𝑘

𝑘

․ 𝑘

𝑛 = 2𝑝 𝑛 = 2𝑝 − 2 𝑝 = 1,2, …

𝑘 = 1 𝑛

𝑛 𝜏(𝑛, 𝑘)

𝜏(𝑛, 𝑘) ≤
1

2
𝑛⌈log2 𝑛⌉ +

𝑛𝑘

2
:

𝑘

𝑛

𝑇(𝑛, 𝑘) = ⌈log2 𝑛⌉ + 𝑘

𝑛 ≤ 212 𝑘 ≤ 7

𝑘 = 1
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 

𝑘

𝑊𝑛 𝑛 − 1

𝑘

τ(𝑛, 𝑘) ≤
2

3
𝑛𝑘 + 𝑂(𝑛)։

   

2𝑛 − 4

𝑇MGG(𝑛) ≥ 2⌈log2 𝑛⌉ − 3։

2𝑝 ≤ 𝑛 ≤ 2𝑝 + 2𝑝−1, 𝑝 ≥ 3։

𝑛
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 

 



30 
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32 
 

 

  

𝐺 = (𝑉, 𝐸) 𝑉 = 𝑉(𝐺)

𝐸 = 𝐸(𝐺)

𝐺

𝑣 𝑤

𝑤 𝑣 𝐺

𝐺 𝐺′

𝑉(𝐺′) = 𝑉(𝐺)

𝐸(𝐺′) ⊆ 𝐸(𝐺) 𝑎 ∈ 𝑉 𝑏 ∈ 𝑉 𝑛

𝑣1, 𝑣2, … , 𝑣𝑛+1 𝑣𝑖 𝑣𝑖+1

𝑒𝑖 ∈ 𝐸 𝑖 = 1,2, … , 𝑛 𝑣1 = 𝑎 𝑣𝑛+1 = 𝑏 𝑎 = 𝑏
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2

𝑣1 𝑣2 𝑣1 𝑣2

𝑣 𝑤

𝑣 𝑤

𝑤 𝑣 𝐺 = (𝑉, 𝐸)

𝑣 ∈ 𝑉

𝐺 = (𝑉, 𝐸) 𝑣 ∈ 𝑉

𝑑𝑣 𝐺

|𝐸| = ∑ 𝑑𝑣

𝑣∈𝑉

𝑣 ∈ 𝑉

𝑣 𝑣

𝛼𝑣 𝑑𝑣 ≥ 1

0 ≤ 𝛼𝑣 ≤ 𝑑𝑣 − 1

𝜌 = {𝛼𝑣 ∣ 𝑣 ∈ 𝑉,  0 ≤ 𝛼𝑣 ≤ 𝑑𝑣 − 1}

𝐺

𝑣

𝛼𝑣

(𝛼𝑣 + 1) mod 𝑑𝑣,

𝑣

𝜌 𝐺

𝜌 ⊂ 𝐺 𝑉(𝜌) = 𝑉(𝐺)

𝐸(𝜌) ⊂ 𝐸(𝐺)

𝜌 ⊂ 𝐺 𝑣 ∈ 𝑉 (𝜌, 𝑣)

𝑣 ∈ 𝑉
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𝑑𝑣 = 0

(𝜌, 𝑣)

(𝜌, 𝑣)

  (𝜌, 𝑣)

𝐺

(𝜌, 𝑣)

𝐸(𝜌) 𝑣

𝐺 𝐺

(𝜌, 𝑣)

𝐺 = (𝑉, 𝐸) 𝑚 = |𝐸(𝐺)|

(𝜌, 𝑣) 𝐺 (𝜌, 𝑣)

𝑚 𝐺

(𝜌, 𝑣)

𝐺 𝜌 ⊂ 𝐺

(𝜌, 𝑣) 𝐺 𝐶

𝐶 𝐶

𝐶

𝐶

𝐺 = (𝑉, 𝐸)
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𝐶 = (𝑣1, 𝑣2, … , 𝑣𝑛),

𝑣𝑖 𝑣𝑖+1

1 ≤ 𝑖 ≤ 𝑛 𝑛

𝑣𝑖±𝑛 ≡ 𝑣𝑖 ։

𝑒𝑖
+ 𝑒𝑖+1

− 𝑣𝑖 𝑣𝑖+1 𝑣𝑖+1

𝑣𝑖 𝑛

𝑒𝑖+𝑛
+ ≡ 𝑒𝑖

+ 𝑒𝑖−𝑛
+ ≡ 𝑒𝑖

+ 𝑒𝑖+𝑛
− ≡ 𝑒𝑖

− 𝑒𝑖−𝑛
− ≡ 𝑒𝑖

−

𝑒𝑖
− 𝑒𝑖

+ 𝑣𝑖

𝐶

𝐺

𝐶

𝑣𝑖 1 ≤ 𝑖 ≤ 𝑛 𝛼𝑣𝑖

⋆

𝛼𝑣𝑖

⋆ 𝑣𝑖 𝑣𝑖−1 𝛼𝑣𝑖

⋆ + 1

𝑣𝑖 𝑣𝑖+1

𝛼𝑣1

⋆ , … , 𝛼𝑣𝑛

⋆

𝐶

𝛼𝑣1

⋆ + 1, … , 𝛼𝑣𝑛

⋆ + 1

𝐺

𝐶 = (𝑣1, … , 𝑣𝑛)

𝑣𝑛

𝑣𝑖 𝑖 = 1,2, … , 𝑛

𝛼𝑣1

⋆ , … , 𝛼𝑣𝑛

⋆ ։

𝑡𝑖 𝑖 = 1,2, … , 𝑛 𝛼𝑣𝑖

⋆

0 < 𝑡𝑛 < 𝑡𝑛−1 < ⋯ < 𝑡2 < 𝑡1 ≤ |𝐸|։
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𝐺 𝐶 =

(𝑣1, … , 𝑣𝑛) 𝑘 <

𝑛 𝐶

𝑣𝑆1
, … , 𝑣𝑆𝑘

։

𝐶 𝑣𝑖 𝑖 = 1,2, … , 𝑛

𝑣𝑆𝑗
𝑗 = 1,2, … , 𝑘

𝛼𝑣1

⋆ , … , 𝛼𝑣𝑛

⋆ ։

𝑣𝑆1
, … , 𝑣𝑆𝑘

𝐶

𝐶
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38 
 

𝑛

𝑘

𝑘

 - 

𝑃+ 𝑃−
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𝑘

𝑘

𝑘

𝑛

𝑘
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41 
 



42 
 



43 
 



44 
 

․



45 
 



46 
 



47 
 



48 
 

 

 𝑑 𝑁 = 𝑛𝑑

𝑛 mod  (2𝑑 + 1) = 0 𝑛

𝑑 ℒ
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{(𝑥1, 𝑥2, … , 𝑥𝑑): 𝑥1 + 2𝑥2 + ⋯ + 𝑑𝑥𝑑 mod  (2𝑑 + 1) = 0 , (𝑥1, 𝑥2, … , 𝑥𝑑) ∈ ℒ}։

 

𝑂(1)

 

𝑘
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𝑛 × 𝑛

0.25𝑛

 

 

 

 
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 

 

 

 

 

 

 
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 

 

 

 

 
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 

 
  

 

 
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 

 

𝑘

𝑘
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․

 

 

 
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 

 

 

 

 

 

 

 

 

 

 

 
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 

 

 

 

 

 ․

 ․

 ․

 ․

 ․

 ․
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 ․

 ․

 ․

 ․

 ․

 ․

 

 

 

 
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[3] 

[4] 

[5] 

[6] 

[7] 

[8] 

[9] 
․

[10] 

[11] 

[12] 

[13] 
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[14] 

[15] 

[16] 

[17] 

[18] 

[19] 

[20] 

[21] 

[22] 

[23] 

[24] 

[25] 

[26] 
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[44] 

[45] 
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[48] 

[49] 

[50] 
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[52] 

[53] 
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[54] 
1/𝑓

[55] 

[56] 

[57] 

[58] 

[59] 
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[61] 

[62] 

[63] 
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[65] 
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[75] 
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