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Ujuwwnwuph punhwunip punypwghpp

@tdwih wpnhwlwunipiniup
[FJwpywdwu Yndphuwwnnphlwu (enumerative combinatorics), npp |nwnd £

nyjw| pwqdnipjut dbg npnawyh hwwnynieyniuubpny odndwsd hwdwlwngbiph gnjnigjw,
Junnigdwt b pwuwyh quwhwwdwt fuunhpubp, nhuypbn dwpbdwwnphyuwih Ywplnp
gnin £ PJwpywdwu Yndphuwwnphlwyih fuunhpubiph pYnd BU' n-ququpwihtu ny
hgndnp}p  gpwdubiph  pwuwlyh npnonwdp  npnpwyh  hwnyneniiutph nbwpntd,
wdpnnowpyh qdwiht dpwgpwynpdwl  fuunhpubiph nwnwiubph pwuwyh npnanudp,
phdhwywu wwppbph hgndbpubiph pwuwyh npnondp b wyju: Ldwu fuunhpubipp nGkint
wywunwlywu W jwjunpbu ogunwgnpdynn dbipnn k ghubipuwgunn $niuyghwubph nwuwywu
dtipnnp (Generating Function Methods in Combinatorics, Analytic Combinatorics), npp
ubpwnnud £ . Mnywh (G. Pdlya), L. . nbt PpLjuh (N. G. de Bruijn) L . nbk P.
Mnphuunup (G. de B. Robinson) pqwpydwu pbnpbdubpp: Uwlwjiu  gbubpwgunn
Pnwuyghwubiph  dbpnnp  wwhwugnwt £ mdkh  wunpwnwpéd  hwpwpbpnugyniutbph
qnnipniu, htugn dhaw sk, np hpwgnpdtih E:

(FJwpydwu Yndphuwwnphlywynud hwéwfu Gu hwunhwynud fuunhpubip, npnup
Ytipwpbipnd Gu npnawyh uwhdwuwthwynwubpny opjtiyuinutiph pwuwyh qguwhwwndwun:
“thwughg  GU, ophuwy, nwhdnnw) dJwuwdp Yupgquynpwsd  pwqdniejniiubpnid
hwlwonpwubph pwuwyh npnonwdp, nbignywn gpwdubpnud wuywiu pwqdnieniuutiph
pwuwyh npnonudp, fudpbipnud b puwlwu pytpnud gdwjht hwyjwuwpnuwutiph (nwdnwiutiphg
wquwuw  hwjwpwdniubinph (FXLUL) b pwadnipyniuutiph (S<LUR) pwuwlh npnonudp,
huswbu uwl fudpbipnud wnpwdé pwuwyh Gupwpwgdnieniuutiph gnwwph  wnbiupny
ubpywjwgynn  pwqgdneyniuubph pwuwyh  quwhwwnwip:  Npwbu  Ywunt, udwu
fuunhpubiph hwdwp pwgwluwynd Gu ndth nEYnipbun hwpwpbpnyeniuubpp: Wn huy
wwwnbwnny, dwutwynpwwtiu, F<LUL-pp bW F<LUR-Gph pwuwyh npnpdwt fuunhpubipp
(nwtnt hwdwp Jowydb) £ gpwunyubiph dbpnnp

Snulwphg wqwn pwgdnigyniuubipp wnweht wuqwd hhpwwwyynd Gu huwh Tniph

[1] 1916 . woluwwwuph dbkg, npubtin tw nhunwpynw £ puwlywu pybph Yudwjwlwu

ytpowynp ubpynud L thwuwnnd, np npwugnd gnpnigniu niubt - dnunfupndwnhy

tywyubp' gnudwpdwu gnpdnnnigjuwidp: Wu qunwithwpp bywnwl niubp bwywunb

dbipdwjh db§ plinptidh wwwgnigdwup, pwig hpwlwunw hhdubig Sniph pYtipp U oqubig
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unwuw| Nwdubih wbuniejwt dh wpp wpryntuputip: b. Snipp ogunwgnpdbny gnuiwphg
wquwwn pwqunipniuubpp wwwgnighkg, np
x™ +y™ = z" (mod p)

hwywuwpnuwip dhown niuh nond pwdulwuwswih 46§ p-tph hwdwn:

1. Schur I. Uber die Kongruenz x™ + y™ = z™ (mod p) // Jahresbericht der Deutschen
Mathematiker-Vereinigung (European Mathematics Digital Library). 1916. 25.
P.114-117.

A pwgunigyniup Ynsynid £ gnudwphg wquiwn, bl gwuljugws x,y € A hwdwp x +y € 4,
wy Yepwy wuwd' x + y = z hwwuwpnwdp sniuh nidnd A pwqdniegniuncd:
1985 pywlwuhtu M. Ywdbpnup [2] nwnwiuwuhpb) b puwywu pytiph pwqiniejwu
gnhudwphg wqwwn pwqdneniuttiph puunwuhph <wnwnnpbh swihp, U Gupwnnbi, np wju
hwwuwp L 1/2: Wu fuunph $huhnhqugndp nwpéb) £ puwlwu pytiph uygpuwlywu
hwwnjwdnwd  gnuwphg  wquw  pwqdnugyniuttiph pwuwyh npnpdwu  hhdpp:  Wu
ptdwwhlwih htnwqw punuwjunwip b nwnwuwuhpnwp Yuwdwd £ “wdbpnu-Epnynoh
hphwynptigh dLbwybpwdwu htw, 1988, npp Gupwnpnd Ep, np puwlwu pblph [1,7]
hwwnywdnwd gniwphg wqwwn pwqdnipiniutubiph pwuwlyp 0(2™2) t: <pynpbqp hpwphg
wulwfu wwywgnigh) tu Ujtpuwunp Uwwndbuynu b R&U S9ppup [3,4]:
2. Cameron P.]. Cyclic automorphisms of a countable graph and random sum-free sets
// Graphs Combin. 1985. 1. P.129-135.

3. Canoxenko A.A. Tunotesa Kamepora-Oppgwa // Jokn. PAH. 2003. T.393. Ne 6.
C.749-752.

4. Green B. The Cameron-Erdds conjecture // Bull. London Math. Soc. 2004. 36(6).
P.769-778.

SGnuwphg  wqwwu  pwgdnugyniuubph pwppnud wnwyb]  hGwnwppppnieniu Gu
ubpywjwgund  wnwybjwgnyu  puin  hgnpnipjwt, wnwybjugnyu  pun ubpwndwi
pwqunteyniubpp, npnup hwéwfu fudpwynpynud G jnipwhwnndy  Yunnigywdpwihu
aubph' gpwunyubph dby, huswbu ophuwl Yeuwn pybiph pwadnieniut &, Ywd (n+ 1,n +
2,...,2n) «dtd» pUbph  pwqgdnipniup  [1,2n]  hwwjwdénw:  Snwwphg  wquin
pwqunteyniutbiph pwuwyh quwhwwnnwp ubpnnpbt juwlwsd £ upwug wnwybjugnyu
pwquntgyniutbiph Ywnnigwéph b npwug nbnupwotudwtu hbwn, wjuhupt gpwunywnp
Yunnigywdpubiph hbiwn: <hwnwgnuwlwu whpnypep jwiu kU pungpynid £ dwebdwnhlwh

wnwnppbp ninnnuenuubin, w nud' b wnbunyeintu, hwunpwhwohy, Epunpbdw
PRGN niNNNiE| n, wn puan [ n 2 puwnn L
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Yndphuwwnphw, dnipjbh wuwhg W wyu: Quwnbn duwdnpytp Bu hbnwgnunwywu
gnpdhpubin b dbpnnwpwiwlwl pwqw, npp huwpwynpnipiniu £ wdlk) unwtiwg
hhduwpwp wpryniupubip gnidwphg wqwuun hwjwpwsdniutiph (pwqunieiniuutinh) hwdwn:
Wn pynuw U nbgnywp hhwtipgpwdubiph W dnuninntu Pnywtu $niuyghwubph dhongny
wpynn ubipyuwjwgnidutipp, Yndphuwwmnphwih hwjwuwlwuwihu dnnbjutpp, yepowdnp
pwaunyyniuttipnid tnpynn dnipgbh duwhnfunigyniuubipp b wy) dninbigndubip:

Wu wdbup mbnwihnfundp b purgujunudp wnwyb punhwupwywu (k, 1) dnnbubph
nwunwiuwuhpdwu dbg ((k, 1) dnnbjubipp fuunph ey nunwitwuppyws dwut £) wwhwugntd
£ updwé dbpnnninghwih (pudwynid b punqujunwd hug bW wpdws £ unyu wofuwnwupnid:

Uwutwynpwuwbiu, funupp qunud t (k, D-gnidwphg wquw hwdwpwdniubinh
dwuht: (4y, ..., Ag+y) hwjwpwdniu Yngynud £ (k, D-gnudwphg wquinn, Gk gnjnigntu sniup
hwlwpwdnt (ay, ..., ag) € Ay X...X Ay, npp hwunhuwund £

x1+. .. +xk = xk+1+. .. +xk+lr

hwjwuwpdwu |ndnud:

<hdunyh nwnuwiuwuppyty b bwlb wju nbwpp Gpp hwjwpwdnth pwqdnieniuutipp
hwdpuyund BU' 4; =...= Ay, , wyuhupt' (k, D-gnidwphg wquwn puqiniejwl nbwpp:

Lotup twl nhunwpyynn fjuunhpubph Yppwnwlywu dwup: Ywunpunwnuwup Jdby
fuunph' hunbpdbpbughwih fuunphu: EGYwnpnuwihu uwppbpnud, hwnuwbu ny gdwjhu
dhowywynpubipnud, Swupwpnujwdénigywu b wpunwlwpg  hpwyhtwyubpnwd  wwpynn
wluwwmwupubph dwdwuwly ghubpwgynid Gu hwybyw| wugwuywih hwpdnupyubip: Gpb
fn U g-u uwpph woluwwmwupwiht hwbwluwywunyenutp Gu, www wdbuwphsp
wnwowunw Bu f + g mhwh wgnwuwuubn: Ldwlwwnhw hwwluwlwuwhtu fuwnunipn
wnwowunw k punniuhs Yuwywuubipnud, npinbin wbwp £ wwppbpbp punniudwt Gupwyw
hwnnpnwgpnigyntup fuwnunipnhg:

Wu nbiwypnd, tipp hwnnpnuygdwu dwutwyhgubiph pwuwyp d6s £ b wwhwugynud
upwughg  nipwpwugnipht bW pnnpptt hwwnlwgul]p gnWwphg wquin
hwéwfuwywunipniuutip, wuhupu, Yuwplnp £ hdwtw) bdwt pwqdnipniuutiph pwuwyp b
Jwpnnwuwy wju npnhtip hwdwwwwwuluwu dwubiph:



Upfuwwnwupnd htinmwgnunnygniiubph wju dwup Yuwynwd £ nwnwnpubiph ubpphu
woluwwmwuph W nwnwpubph  dwutwygnigjud  Yuqiws nwnhnhwwjuwlwuwhu
donwnhinwnpydwu htw:

Snuiwphg wqwwun pwqunejniuutiph bW hpkug wwpwpunye punhwupwgnwiutiph
ptdwwnmhlwu dhus opu wlwinuwy b UdGU wwpph ddwpehy pwuwyh ghunwlwu
wofuwwnipniuubp Gu hpwwnwpwyynd wyu pEdwnhYuyny:

Wluwwnwuph tywwnwl ni fjuinhpubpp
Wluwwwuph  uwwuwwyp  bpunpbidw)  Yndphtwwnnphluwih b Snipjbp

gnpdwlhgubtiph  Jbppndnipjwu dbpnnubph ogunipjuidp  dowlbk)  «gpwtniubiph
punhwupwgywd dbpnnx»: Snyg wwy, np jnipwpwuginip pwjwlywi dbé gnwdwphg wquun
hwywpwdnt Ywd gnuiwphg wqww pwqgdnigniu nwh  npnawlh  «wywppbpwywus
Junnigywdp: Sw| winwhuh Yunnigwdpubtiph uwpwghpp: Snyg wwy, np gndwphg
wqwuw  hwjwpwdéniu  (pwqgdniegyniup) wyn  Jwnnigywdpubiphg jnipwpwuginipp Yud
«gpbipb» wdpnnonipjwdp |gunwd k£, Ywd «gpbipb» nwwwnply £ pnnund wju: dnipgbh
gnpdwyhgubiph Jbpndnipjwu dbennubiph oqunipgjudp wuwjwgnighi, np hwjwuwnpdwu
(nénwiubiph pwuwyh Jpw wagnnud £ dhwiu pwgdnigjwu Yunnigwdpwihtu dwup: huly
pwuh np pniu pwqunipiniup gnwdwphg wqun b, www wn junnigywdpwiht dwut ki
wtinp E htup gnudwiphg wqun, npp hp htippht huwpwynpnugynits £ wiwihu pwpn, fuinhpp
pbipb wybih wwnq dnntih:

Ugfuwwnwuph  fuunhpubphg Bu' dowyws dbpnnh  Yhpwndwdp  unwtwg
gnhwdwphg wqwwu  hwjwpwséniubph bW gnwwphg wqwwn  pwqdnieniutiph pwuwyh
wuhdwwinnhy quwhwwnwlwuutpp Upbywu fudpnd b wdpnne pYtph  ulqpuwlwu
hwwnywdnwd, huswbu uwl, wjn dbpennh  Yppwndwdp quwhwwnb] wpdwsd pyny
Gupwpwqunigniuubph gnWwph U wwppbpnyeuu  wbupny  ubpyuywgynn
pwquntgyniutbiph pwuwyp Upbywu fudpnid:

Fuunhpubiph djnw funwipp - pYtph gnwwpdwu wbunyejuu (Additive number
theory) U wnhwhy Yndphuwwnnphlwh (Additive combinatorics) dtpnnutiph Yhpwndwdp
guwhwwnb] wnwybjwgnyu gnwiwphg wqww hwjwpwdnth b wnwybjugnyu gnwwphg
wquwwn pwqgunigjwu hgnpnipniup b uwpwgpb) npwug Yunnigwdpp:



Lhnwgnndwu dkennubkpp

Upfuwwnwupnud ogunwgnpdynid Gu pytiph gndwpdwu nbunyejwu (Additive
number theory), wnhwnhy Yndphuwwnphlwih (Additive combinatorics) L dnipjbh
gnpdwyhgubiph ybppndnigywu dbpnnubpp: Ugfuwwnwupnd dowydb) £ «gpwunyubph
punhwupwgyws dtipnnp»:

Spwunyubiph dbpnnh knieniup Yujwunw £ upwunwd, np o nwniduwuhpynn

opjywnutinh pwuwlp quwhwwnbint hwdwp Yunnigynud £ wjuwybu Ynsgwd «gpwtiniubiph»
punwuhp wjuwhuh, np nwnwiuwuhpynn jnipwpwuginip opjtiynubnh wdpnngniejwdp Yud
«gpbipti» wdpnnonipjwdp puywsd t punwuhph npuk gpwunyh dbe: Gpwunyubph pwuwyp,
hptug hwuwnniy uwnnigwdph 2unphhy, wybjh htigin | quwhwinb, pwu nwnwiuwuppynn
pwquntejntubinh pwuwyp:

Wu nbwpnwd, Gpp gnpé niubiup dwnwugwlwuniput hwwlnipiniu niubignn

opjtlwnubiph pwuwyp guubnt fuunhpubph hbw, www pwuwyh nquphpdh unnphu
guwhwwnwlwup  unwtwpnt hwdwp  hwéwfu  pwjwlwu £ ubpplhg quwhwwnb)

opjlwnubinh wnwybijwgnyu hgnpnieniun:

bnipjth gnpdwlhgubiph Jbipinidnieniu:
“thgnip G-U n Ywpgh Upbywu funwip £, huly R-p b C-U hwdwwwunwufuwbwpwp

hpwlwu U Ynduytipu pybiph pwadnieniuutipu Gu, W y: ¢ - C wpunwwwwybipnd
wjuwhuh, np Jwdwjwlw x,y € ¢ hwdwp nbnh niubu hbnbyw); hwjwuwpnipniuubpp'
Yl =1 b y(x +y) =y()y():
Wuwhuh - wpnwwwwnltpndp Yngynd £ G fudph  punyewgphs: G fudph pninp
punipwagphsubiph pwqdnieiniup uswuwlbup -ny: Ljwwnbup, np I-u uadn b funwdp’
Y1 * V2 (x) = y1(0)y2(x) gnpdnnnipjwdp: Yddwp sk wnbuub), np G- W I'-u hgndnp$ Gu:
Ujuwhup punyewgphsubipp niubiu hbunlyw) wnkupp'
y(x) — echp(x)i,
npntin ¢ : ¢ = R, b jwdwjwlwl x,y € ¢ hwdwp wnbnh niuh hwjwuwnnipniup
P(x) + o) = o +y):
f: G- R $niuyghwh dninbh duwihnfunyeniu Yngynd £ F: 7' - € $niuyghwu, npp
uwhdwuynud £ htnlyw Yepy'




f0 =) f@reo:

XEG

Yhgnip £, g : G - R: Ynuynynighwt uwhdwubup hbunlyw) Yepw'
(f£9)0) = ) Fglx =y

yee
“thgnip A-u b B-u G Upbywu fudph ny nwunwpy Gupwpwgdnipniuubp Gu: A(x) W B(x)
Upwuwybup  hwlwwwwnwuppwuwpwp A L B pwqunipniiubph  punypwagnhs
$niuyghwutbipp:
Cwdwdwiu Ynuynynighwih uwhdwudwt' (4 *B)(x) hwjwuwp b wiu (a,b) € AxB
hwqwpwdniubiph pwuwyhtu, npnug hwdwp wbnh niwh hwjwuwpniniup x = a + b,
wyuhupu x-h ubipyujwgnuwiubiph pwuwyp a W b tmwpbiph gnwwph nbupny:

Unhwhy Yndphuwwnppyuwinud  dnipjth - gnpdwlhgubiph  Ybpnidniegyniup
gnuwphg wqwwn hwywpwdniubph nwnwitwuppnipjwt hhduwpwp gnpdhpu :
Lowwuwybup &, ,,-ny Upnubltiph nbjunw $niuyghwt’

N e

Uwhdwunud: A pwqudniejniup Ynsynud £ gnidwphg wquin, bk x + y = z hwjwuwnpnuwp
sniup nonwl 4 pwqunipjwu dby:

Uwhdwunud: (4, B, €) hwdwpwdntu Ynsynid £ gnudwphg wqun, bipli x +y = z
hwywuwpnup sniup (n6dnd, npintin x €4, y€ B, z€ C:

“thunwpybup gnudwphg wqun pwqdnyejniuutiph b gnwdwphg wquun hwdwpwéniutiph
nbwpbpp wnwudhtu wnwudhu:

Tthgnip A€ G _gnuwphg wqww pwgdnipiniu £ A(x)-n Upwuwlbup A

pwquntgjwu punipwgphs niulghwt: Lwuh np x + y = z hwjwuwpnuip sniuh (ndnud A
pwquntpjw Ubki9, wwjw wbnh niuh hwjwuwnpnyeiniup

AxA)(x) =0, x € A,
Ywd np unyu '

0= D AWADAD = ). AWADADSrry

X,y,ZEAX+y=z xX,Y,ZEG



Cwdwdwju Mwpubwih hwjwuwpnigjwt unwunw Gup, np

0= > AWADAG) =

X,Y,ZEAX+Y=2

1 R
= > AWAGAD ey = > (A0

x,Y,2€EG yer

Ujuinbinhg htwlbnw E, np

D Gm)' = o

yer
Ljwwnkup, np y = 0 niwpnid (A(O))3 = |AI3, husp pwdwlwu J6S phy k: Lwuh
np punhwunip gnwwpp 0 &, puly y = 0 nbwypnu gnuWwpbht npwywu §, wwyw wbwp §
gnynipnlu nibkuwt wjuwhuh y # 0 bnipjth gnpdwlhgubin, npnup «dkd» Gu L nubu
pwgwuwlwu wndbpubin, npwbiugh «sbgnpwgubu» |A|3:
“thunwpytiup tipynt ugbuwn.
Ugtiuwp U: Gpb A pwqunipjwu punipwgphs $niuyghwih pninp ¥y =0 dnipgkp
qnpdwlhgutip  «thnpp» G (rggchAA(y)l <eld]), www A puwqgdnyeiniup  niup
«ywwnwhwlwur» Yunnigyuwdp:
Ugtitwp P: Grbli A pwquniejwl punipwagnhs dniulyghwt niuh gnub by «dtid» dnipgkh
gnpdwlhg (y # 0), www A pwqunigyntup niuh «ywppbpwlwu» Yunnigwdp:
Wuwhuny uwnwunwd  Gup, np gnuwphg wquww pwgdnygniup  sh Yupnn  hubp
«ywinwhwlwu» pwotudws, wju wwpwwnhp whnp £ niubkuw «dtid» dniph gnpdwlyhg,
husp bpwuwynwl £, np pwadnieintup ntuh npnawlh «wywppbipwlywu» Yunnigywdp:
Unuyngnighwt wjunbin Swnwnd £ npubu «<hwjinuwpbpnn»' wju gnyg £ wniwihu
wprynp  pwqdnegniup pwobujwd b o«yuwunwhwlwu», pE nuh  «wuwppbpuluus
Yunnigwdp:
dningkh gnpdwyhgutiph Ybpndnigyniup eny) £ wwihu nbuub pugdnyejwu dbg
pwpuywd wwppbpwlwunyenuubipp: et pwqunyeniup  sniuh  «dBd» - Bnipjtih
gnpdwlhgubin, www wju hpbtu wwhn £ npybu «wwnwhwlwu»:

Wdd nhunwpytup gnudwphg wqwwn hwwpwdnth nbwpp:



“thgnip A-U, B-u U C-u G Upbkigwu fudph ny nwwwpl tupwpwaqdnygniuutip tu:
A(x),B(x),C(x)-ny Upwuwlybup hwlwwywwwufuwuwpwp A,B,C  pwqdniegniuttiph
punipwanhg Hniulyghwbinp:

thgnip  (4,B.C) hwdwpwénit gnuwdwphg  wqww k2 Lwuh np (4,B,0)
hwjwpwdniu gnidwphg wquww k, www wbinh niup hbnlyw hwdwuwpnieniup’

(A«B)(x)= 0, x € C,
Ywd np unyu '

0= ) A@BOX@= ) ADBOIC(Ddeys

X€ A YE B,ZE C.x+y=2z xX,Y,ZEG

Lwdwdwju Mwpubwih hwjwuwpniejwl unwuntd Gup, np

0= Z A(X)B(H)C(2) =

X€ AYEB,zE C.x+y=2

1 N A A
= > AWBOIC@DSerys =7 ) ANBOICH:

x,Y,Z€EG Yer
Wuwnbinhg unwuntd Gup, np

> AmBmEm = o

yer

Llwwnbup, np y =0 nbwpnd dnipjih gnpdwlhgubtinh wpunwnpuih hwdwnp
wnbinh niup  hwywuwpnieyniup' A(0)B(0)C(0) = |A||B|[C], husp pwlwlwu J&& phy k:
Lwup np punhwunip gnwwpp 0 , huy y = 0 nbwpnud gnwwpbiht npwywu §, wwyw
wbwp k£ gnngyntt niubuwt wiuwhuh y # 0 bnipjh gnpdwyhgubiph wpunwnpywiutn,
npnup «dtid» Gu W niubt pwgwuwlwu wpdbpubin, npwbugh «skgnpwgubiu» |A||B]|C]:

Grb dnipjth gnpdwyhgubph wpwwnpjwp «dtd» £ npnawyh y # 0-Gph hwdwp,
www nw tpwuwynw k, np pwqunieniutbipp niubt tdwuwwhwy wnhnhy Yunnigwdp:
Uw tpwuwyntd k uwl, np pninp 4, B, € pwquntegyniutbpp dhwdwdwuwly wbwp § niubuwu
unyu «dtd» ng gpnjuwu dnipjth gnpdwyhgubin:

bninh gnpdwyhgubiph ybpindnipniup pny| £ wwihu gquub) dh punhwung
Gupwywnnigywdp, npwnbin pninp pwqunieniutbipp gnigwpbpnid Bu ny «wywwnwhwywus»
Junp:
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Uwpbtdwwnhynptu hhduwynpytig, np gnidwphg wqwn pwqgdnieniup sh Yupnn
(hubi] wwwnwhwlwu: el pwqdniegyniup  |hubp wwwnwhwlwu, upw ng gpnjulwu (y # 0)
bnipjh gnpdwlyhgubipp Yhubhtu swwn «thnpp», U upwup skhu upnnwuw «gqpnjugubip»
hhduwlwt (y = 0) wunwdp: <Gnbwpwp, gnuiwphg wqwn pwqgdnniup wwpunwnhp
niuh «dbd» dnipth gnpdwyhg, husp tpwuwynwd £, np wju niuh fjuhunn npnawlyh
«ywnpbpwywur» Yunniguwdp:

Unyu hhduwynpnuing unwund Gup, np gnuWwphg wqwu  hwjwpwdnth
nbwpnid  hwjwpwdnth  pwadnigyniuutipp whwp b niubbwt  bdwuwwnhy  wnhwnhy
Ywnnigwdp:

huswhuht GU win «wwppbpwlywu» Yuwnnigdwdpubpp.

Pnph pwaqdneyntup  (Bohr  set)  wnhwhy  Yndphuwwnnphlwih  hpduwlwu
hwulwgnieyniuubiphg £, npp hwunbtu £ quihu npwbu Gupwfudph «punhwupwgywé»
wnwppbipwy:

thgnip G-u n Ywnpgh Upbywu fundp &, huy I'-u G-h punipwgphsubiph funwipl k:

Pnph pwadnipnit Ynsynud £ wyu B(13,6) € ¢ Gupwpwqgdnipiniup, npp uwhdwuynud £

B(I;,6) ={x € G|Vy € [,|1 —y(x)| < &},

npintin 7 €T punipwgphsubiph  Gupwpwqgdnugmiu £, W Yngynd £ Pnph
pwquntejwu swihnnwlwunieniu, huy § € (0,2], U Yngynid £ ownwihn:

Pnph pwqunigyniup wju «funuwwnpu» k, nph dbe wmbnwynpynud tu gnidwphg
wqwu  hwjwpwdniuubpp  (pwgdnyeymiuubpp)’  hpbug  wnhwpy  hwnynyeniuubpp
wwhwuwubnt hwdwp:

Pnph  pwqgunygywtu hwpwlyhg nwup (Bohr set coset) hwulwuwnt hwdwp
wdbuwwwpg dup qniqwhbn nwubu £ unynpwywt Gupwfudptiph hwpwyhg nwubph
htwn: Unyu wpwdwpwunigjudp, bGeb nubup B(3,8) Pnph  pwqinignit, www
upw hwpwlhg nwup Yihuh

x+B([;,8) = {x +b| b € B(I, 8}

Pwqgdnipiwu wnpnhnid wuntub

Gpp Yhpwnnd Gup «gpwunyubpph»  Gddwu (1.3 L 3.2 wwppbpnygniiubpnud
wwwgnigwsd |Gddwubp 1.5 L 3.1) gnidwphg wqwwn pwqunypjut Ywd gndwphg wquun
11



hwqwpwdnth Yypw, wdpnng tunwipp tnpnhnid Gup Pnph pwaqdnigjwt hwpwyhg nwubiph:
Wn hwpwyhg nwubipu k) htug dbp gpwunyubipu Gu:
«Spwunijubiph» Gddwi Gpwofuwdnpnd £, np gnudwphg wqun hwjwpwdniu

(pwqunugyntup)  Pnph  pwqgdngywt  hwpwlhg nwubiphg  jnipupwugniph - ubpunid
(gpwunyubiph dbe) hpbu wwhnu k owwn wwpq' Ywd «gpbpb» wdpnnonipjwdp gund

hwpwlhg nwup, Ywd «gpbpb» nwwwpy £ pnnund wju: Wu dninbgnuwdp pny) £ nwihu
fuunhpp wbnwihnjub) «pwunwgywd» dwlywpnuwy, b deup wjjlu sEup wynid wnwudhu
wnwnppbphu, wyp uwynd Gup, pE np hwpwyhg nwubnu Gu «ubipwngud»:

Unwug Pnph pwqgdnigniutbph diup unhwyyws Yhubhup  woluwwnb)  dhwju
Gupwludpbiph htiv: Pw)g, pwuh np Gupwfudptp dhow sk np Ywu, Pnph pwqdnieniuutipp
thnfuwphunw BU Gupwfudpbphu: Hpwup enyp BU wwihu wub] «Uu gnuwphg wquin
pwquntgniup tdwt | pwpwtwlwu wpngpbuhwihtu», npunbin win wpngpbiuhwu hkug
wwpqwagnyu Pnph pwgdnieniut t: Pnph pwgdnigyniutpp ey G wwhu Juunwnt
gnbipt unyu hwoywpyubipp, hus Gupwfudpbph nbwpnd, pwjg wytih dbs dyniuntgjudp:
Pnph pwqunipniup Gupwfudph punhwupwgnuwu k: Ujuwnbn, npunbin Ywu Gupwudpkp,
wju Ywpnn b hwdpuyub) npwug hbwn, huly wjuwnbn, npunbn i’ wjiu unbndnd k
«Gupwfudpwudwu» Yuwnnigywdp:

Wuwhund, gpwunywughwu gnyg wybtig, np gwulugwsd «dkid» gnuiwphg wqun

hwlwpwdnt (pwqdnignit) Yupbih £ «dnnwpybp dh own wywpgq yunnigqusdpny' Pnph
pwaunijwu dnnbiny: Uw Upwuwynd £, np «dbd» gnuiwphg wquwn pwgdniggniutbipp
dhown niubtit uwnnigwdpwiht inbup b skt Ywpnn jhubip «yywnwhwwts:

bnipjh ganpdwlhgubiph Jbpinidnipiniup gnyg wnybg, np - hwjwuwpdwu ndnwubph

pwuwyh Yypw wannud k dhwju pwqdnipjut Yunnigywdpwiht (gpuunywgywsd) dwup: hul
pwuh np pniu pwqunipniup gnwwphg wqun b, wyw wn junnigywdpwiht dwut i
wbnp £ |htuh gnuiwphg wqun: Uw dbq pny| £ wwihu pupn fuinhpp peipt wybih wwna,
pwjg «Ynwhwnx» dnnbih:
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Shunwlwt unpnypep

Upfuwwnwupnud dowlyyt| k gpwunyubiph punhwupwgyws dbpnnp, npp Yhpwnbih
E ns Jhwju gnidwphg wquwn pugdnigjut hwdwp' punhwupwgywsd judwjwlwu npdwsd
gdwjht hwjwuwpnwubph hwdwp' =1 b 1 gnpdwyhgubpny, wy twb gnuWwphg wqwwn
hwywpwédniubph hwdwp:

Spwuniubph punhwupwgywé dbennp pny) £ gk gunub) gnwwphg wqun
hwdwpwdniutiph (pwaqunieniuutiph) pwuwyh nquphpdwywu wuhdwywuninhw Upkjwu
fudpnid U wdpnne pYtph ulygpuwlwt hwwndwdnd: huswybu uwl, gpwunyubiph
punhwupwgywé dbpnnp huwpwynpnigini £ wdlp quwhwwnb ybpbhg  wjuwhuh
pwqunteyniubiph pwuwyp, npnup ubipluywgynd Gu Gupwpwqdnieniuttiph gnudwnph b
wnwppbpniejwu nbupny Upbigwu fudpnud:

Lunwy tywpwgpyt) bt wnwybjwgnyu pun hgnpnipjut (puin Ubpwndwi)
ghudwphg  wqww  hwjwpwdniubph b gndwphg  wqww  pwqdnieniubbiph
Ywnnigwdpubinp:

Upfuwwnwupnu nbin gunwd dninbignuiubipp, dawlyws dbpnnubpp b unwgyws
wprynwupubipp ghnynwd Gu gbipghu twphubiph hpwwwpwynwubpnud, dwutwynpuwbu
2025 U 2026 pqwywuubph hbnlyw| woluwwnwupubpnut®

1. Alon N, Zamir O. Sumsets in the Hypercube // SIAM Journal on Discrete

Mathematics. 2025. 39(1). P. 314-326. doi: 10.1137/24M165569X

2. LeeH., Yip C. H, Yoo S. Product representations of polynomials over finite fields
// eprint arXiv:2601.16657. 2026. doi: 10.48550/arXiv.2601.16657

Uwnwgywé wpnyniupubiph Yhpwnwlyw tywuwynipiniup

Ynuiwphg wquun hwjwpwéniubph Yhpwnnigyniuubpp pwjwlwupu wju U
ujuwd  wbuwlwu Jwebdwwhwihg  dhush  wbnGjwwndwywu - wbkluuninghwutp:
Unwugpwjhu ninpuinubipu Gu.

e [twdubijh wbunyeniu. 9nwwphg wquu  hwywpwdniuubipp  oquwgnpdynd  bu
Nwdubjh pYbph uwnnphtu uwhdwuubp guubine hwdwp (opptwy' Sniph pYbph
dhongny): Cuwn Enipjwl, npwup oqunid tu hwuljwuw), pE nppwt d&d Ywnpnn t hub
pwnuwiht  wnuubph  pwqdnigniup,  Uwfupwt  npnawyh  Ywnnigwdph
wufunwwihbhnpbu wnwowuwip:
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Grb nwbkup |phy gpwd L nignud Bup upw Ynnbtipp ubpytip wjuwbu, np swnwowuw
dnunfupndwwnhl Bnwuyniu, www wn ubpydwu fuunhpp hwugnd £ pybph
pwaunyniup  gnuwwphg  wqwun  hwlwpwdniubiph  wpnhbniu: Uw ogqunid Lk
hwulwuw) pwpn hwdwywpgbipnu «jupgh» b «pwnup» uwhdwuwghdp:

Lwodnnuiyw Gphpwswihnipiniu. Snwdwphg wqwwn Yunnigudpubipp Yhpwnynid Gu

pwqunueyniuttiph gnudwpdw (Minkowski sum) htiin Yuwdwsd fuunhpubpnud:

(3dtiph wbunyesinit b Lwpdnuhy wuwihg. Gnwiwphg wqwn pwqiniiniuutipp wyuon
k| oguwgnpdynid Bu hwpdnuply wuwhgnu b Yndphuwwnp pybph wnbunipjwu dby'
Yunnigywdpwjht hwwnynigyniuubpt nunwiuwuhpbnt hwdwp:

Unnwynpdwu wbunyeni. Gnidwphg wquun hwyjwpwdniubipp ognwgnpdynid G
ufuwiubip gnynn Ynnbiph (error-correcting codes) Uwfuwgddwu dbg: Gl Uh pwuh
wnpniphg - nyuutiph thnjuwugdwu  dwdwuwl  wgnwuwuubpp  Ywqdnd  Gu
gnuwphg wqwu  hwjwpwdnt, www hwdwlwpgp YJupnn £ hbonngjudp
wmwppbpwytp  hpwlwu  wgnwuowup  wndniyhg Ywd  Bpynt  wqnuwupwuubph
wwwwhwlwu dbpwnpndhg (gnwwphg), pwuh np wn gndwpp ywpquwbu
gnhynienLu sniup enyjwwnnptith Ynnbiph gwuynid:

Snuwwphg  wqww  hwdwpwdniubpp hwwlwwbu  Ywpunp  Gu ghyhy
Gupwwwpwdpwihu Ynnbiph uwnbinddwu dby, npnup Yhpwnynd Gu gwugwihu
Ynnwynpdwu (network coding) hwdwlwngbipnid ndjwjubph hnwwih thnfuwugnuwu
wwwhnybnt hwdwn: Optical Code Division Multiple Access (OCDMA) hwdwlwngbtipnud
gnhudwphg wqwwn hwwnlynigyniuubiph ogunwgnpdnidp tpwuwynid k, np jnipupwtgnip
oguiwwppng Ynnp owwhdw; £ ujwqugnyu pwuwlh «I»-bpnd  wwwhnyby

wnwybjugnyu nwpwugwwnnid:

Suwnuuwgpnipniu. Npng htp-pniuyghwubn b qununuwgpiwt ufubdwubp hhdudwd
GU pwqunipniuttiph wjuwhuh nwuwynpnigjwu Ypw, npintin mwppbph gnwdwpuwihu
hwdwlgnigyniuubpp Ywutuwwbubih s6u Ywd nnipu Bu quihu tinpwd whpnyphg:
Thwup Yhpwnynwd Gu twl qununuh pwuwhubph gbubpugdwu gnpdpupwgnd,
huswbu twl ogunwgnpdynud GU qununuwgpwihu $niulyghwubiph twuwgddwu dbg:
Ophuwy' Almost Perfect Nonlinear (APN) $niuljghwubipnid, npnup wwwhnynid &u
owwnhdw| nhdwnnpnipeniu nhptiptughw) hwpdwynwubiph ujwwndwdp:
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Thuwdply hwdwhwpgbip. Epgnnhly nbunggniunud gnwdwiphg  wquin  uygpniupp

oqunui £ ulwpwgpb) hwonpnwlwunipgniiubnh  hwwnynigyniiubpp b pYwjhu
hwdwywpgbph «wywwnwhwlwunipjwu wunhdwup»:

Lbnwhwnnpnugniemiu.  Snwwphg  wqww  hwjwpwdniubpp  nwblu  Jwyu
Yhpwnnipintu wgnwupwuubph dowydwu fuunhpubipnud: “wup oqunud U unbindt)
wjuyhuh  hwdwlwnpgbp, npnbn  wqnwupwuubiph  dholt  dhowdwnnyeniup

(interference) hwuunu £ ujwquagnyuh: hunbipdnnnywghwu (Ywd dhednnnywghw,
intermodulation) tplinype k, tpp Gpynt Ywd wybh wwppbp hwwluwywuniypjuwdp
wqnuuowuubp wugunw Gu ny gdwjhtu dhowduwipny, hush hnbwupny wnwowuntd
GU unp, wugwuuwih hwbwhuwlwunyjuwdp pugnighs wgnwupwuutp: Gpp dblhg
wyblh  wqnwuowuubp  hwpnugnd G wjuyhuh  uwppbpnd,  huswhupp  Gu
nidinwpwputpp Ywd fuwnuhgubpp (mixers), npwup Yuwpnn Gu  «dnnniyugubp»
dphdjwug: Upryniupnd unwgynud Bu unp Yndphtiwghnt hwéwfuwwunigyniutbp,
npnup ptophtwl wgnwupwuubph gnwWwpu Ywd wwppbipniggniut Gu: Ophuwy, beb
niubup Bpynt hwbwuwlwunyend' f; L £, www hunbpdnnnyughwh wprynitupnid
Yupnn  BU - wnwowuw| fi+f, Ywd fi—f;, hugwbu uwl  wybh o pwpn
hwdwygnieyniuubp, ophuwy' 2f, —f, L 2f, — fi: Cunhwunip wndwdp bGplunu
wqnwowuubiph  hunbpdnnnyywghwih  wprynipnud - wnwowunwd  Gu - mf; + nf,
hwéwfuwlwunypjudp wugwulwih wypnnniyunubp, npunbin m W n wdpnng pybip tiu:
Wu bplnypep hwiwlu wudwunw Gu hunbpdnnniyywghnt wnwdwnnud, pwuh np wju
uintindnd £ «wndniy», npp fuwugwpnud £ dwpnip uwht:

huwnbtipdnnniywghnt wnwdjwnnuwubipp wnwowunw tu $hghlwlwu uwppbpnid, L
puwlwuwpwn dowlyyt| tu pwgdwehy $hghywlwt dhowdwinnipniuutip fuunhpubipp
hwdwlwpgbph  ubpunwd  Ywpquynpbint  hwdwp:  Ldwu  dhgwdwiniegniuttip
ujwqgbigund GU wnwjwnnuwiubph Jwlwpnwlyp pwyg npwup Swjuuwwwp Gu b h
gnpnt sbU wpdwwnwybiu pwguwnbi wugwulwih wnwywnnwiubpp:
huwnbpdnnnywghwih  hhduwywu nwdnwiubphg  deyp  hwwjuwlwunyentuubph
wwuwynpnwdu k:
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Lwwhuwlwuniginiuubph wiwuwynpnid

Gpp  wwppbp  hwwhuwlwunieyniuubph dh pwuh  wqnuuwuubp (i, f2.f3)
thnfjuwugynwd Gu dby nidbnupwph Ywd dhowdwiph dhongny (dwutwynpwuybu
nwnwpwiht  hwdwlwpgbipnwd), wnwowunwd tu  f; +f, wbuph «nipqulywu»
hwéwhuwYwunygynuubip: Gpb wju gnwwpp hwdpulyunu | ogquwlwn wgnwupwuh
f3 hwwliwlwunipjwu htin, uw dhowdwnnieiniu t, npp sh Yupnn $hpinpyt:

Wuwhuhny, bGpb wgnwupwuubiph wofuwnwupwiht hwwluwlwunygniiubph
pwgqunigyniup  hptiuhg ubpYwjwgunud £ gnuiwphg wquu  hwjwpwsdnt,  www
gwulywgwsé Gpynt hwbwhuwlwunyeniuubiph hwdwnpnigyniu Gppbip sh puljuh Gppnpn
wqgnuwuowuh ypw:

Snuiwphg  wqwu  hwjwpwdniutbpp  Ywplnp  gnpdhp  Gu - ndjuipubiph
hwnnpnwygdwu  fuunhpubpnd, npnup  oqunud  GU  ujwagbgub) ny  gdwjhu
wnwywnnidubpp, hwnlwwbu pwqiwihpwiht hwdwlwpgbpnid:

NMuwyunwwuniejwy ubpyuywgynn hhpduwlwu npnyputpp

Upbtigwu fudph wipnhnd Pnph pwqdnigjwt hwpwlhg nwubph wjuwbu, np npny
hwpwyhg nwubiph dhwynpndp hpkuhg ubiplujwgup «gpbipt» gnuiwphg wqun
pwquntentl,

Snipwpwuginip pwjwlwt db§ gnidwphg wqun hwywpwdnt (pwqunienit) «gnbipti»
pulwsd E Pnph pwqunipjwu hwpwyhg nwubph npuk dhwynpdwu dby,

Upbijwu fudptipnid W wdpnne pybiph uygpuwywt hwnjwsénwd gnudwphg wqun
hwywpwdniuubph  (pwqdnipniuuph) pwuwyh hwodnwip pbipkp npnpwyh  Pnph
pwqunteyniuubiph hwpwyhg nwubiph dhwynpnuiubiph pwuwyh hwodw,

Suwhwwnb) wnwybjugnyu pun hgnpnigjwu (pun ubipwndwt) gnuiwphg wquin
hwywpwdniuubph (pwqunieyniuutiph) swihp bW ulwpwagpbp npwug Yunnigwdpp
Upbijwu fudpbpnud,

UpbLjwu fudpbipnd  Gupwpwqgdniygniuubph gnwwph W wwppbpnigjuu  nbupny
ubpywjwgynn  pwaqunipniuutph pwuwyh  hwoynwip  pbpbp  npnpwyh  Pnph
pwquntentuubiph hwpwyhg nwubph dhwynpnuwdubiph pwuwyh hwodwunp:
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UWhiwwnmwuph wpnyniupub tUnigdb| Gu

Uwnbuwfununipniund unwgywd wpryniupubipp ubpyuwjwgyb) b puuwpyyt) tu

htinlyw| ubdhuwputpnd b ghrnwdnnnyubpnid.

«lwdwlwpgswihtu ghwnipjuu b Yhpwnwlwt dwpbdwnhluwih wpnhwlwu
hwpgtip 2025» Ynudpbpwuu, 6ML, Gplwu, 2025 p.,

«Stuwlywu YhpbnubinhYuwyh fuunhputip» XX dhowqquiht ghunnwdnnny, Unuydw,
UNL Cwoynnujwt dwpbdwinhlywih b Yhptinubnhyuwih wynyntin, 2024 ppe.,
Unp ubipunh wphbunwlwt pwuwlwunipniu (New Generation Al), 2huwuwnw,
Lwuyhu, 2024 .,

«(3tiph wbunipjwu dwdwuwlwyhg fuunhpubp» ubdhuwpnd' U.J. bwjwghup,
U.U. Ynnnyngh b b.%F Sypbinnyh nblwdwpnipjudp, Mnwuwunwuh twounyejw
4.U. Unbyindywih wudwu Uwpbdwinhlwywu huunhwnnun, Unuydw, 2023 .,
«Yhuypbn  dwpbdwwhyw W Upw  Yhpwnnygyniuubpps  XIV - dhowqguihu
ghunwywu ubdhuwpnid, Unuydw, 2022 .,

ENC  hudnpdwwhlwih b Yppwnwlwu  dwpebdwwhluh  $wyniynbinp
50-wdjwyhu uyhpqwsd ghinwdnnny, 6ML, Gplwu, 2022 e,

Lwdwlwngswiht ghwngniu b wbnblwwndwywu  wbkuuninghwubp
dhowgqwiht Ynupnpwu, << FUU hudnpdwwplwih b wynndwnmwgdwu
huunpwninun, Gplwu, 2021,2023 pye.,

Uhpbnubnhuwih dwpbdwnhyulywu hwpgbp, ubdhuwpnd' 4P, Ujepublh, L
U.U. Lndyhup nblwywpnipudp, UNC <woynnuywt dwpbdwwnhluih L
Yppbinubinphlwih  $wynynbinnp  dwebdwnhulwu Yhpbnubnhlwih wdphnu,
Unuydw, 2021 .,

«Yhuypbn  dnnbjubp Yuwnwlwpdwu  hwdwlwpgbph  wnbunypuu  dbe» X
dhowqgquwiht Ynubbpwuu, Unuynyjwu dwpg, 2018 p.,

Uwpbdwwhlwu  dwdwuwlwlhg wofuwphnud:  Uhowqquiht  Ynudbpwuu'
udppywé UL, Unpnjuh wujwu dwpbdwwnhluwih huunhwninunh 60-wdjwlypt,
‘Lnynuhphpuy, 2017,

Uhowqqwiht  Ynupbpwuu «KROMSH-2014», XXV  Aphdh  wolwlw)hu
dwebdwwnhywlywu nwpng-updynghnud uwbyunpw b EYnynighnu fuunhpubpp
ytpwpbpjw), Uphd, 2014,
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e «fddbph  wbunpyut  dwdwlwlwyhg fuunhpubp»  ubdhuwpndt UL
Ywuywghuh, U.U. Ynnnynyh b b.% Syptinndh nElwdwpnigjudp, Mnwwunwuh
Twoungyuu LU Unbyndyuih wujwu Uwpbdwnhluwlwu  huunhunnun,
Unuydw, 2012 .,

e «Huypbn dwpbdwnpyw b Jwpbdwwhlwlwu Yhpbnubnhyw» ubdhuwpnd’
4., Ubputlh, U.U. Uwwndtuynh L U.U. Lndyhup ntwdwpnipjudp, UMK
Lwoynnulywu dwpbdwwnhyuwjh L YhptinubinhYuyh dwyniunbinnp
dwpebdwwnhlwlwu Yhptinubinhlwih wdphnu, Unuydw, 2012 .,

e «Yulypbn Jwpbdwwnhlw b Jwpbdwwhlwlwu Yhpbnubnplw» ubdhuwpnid'
4.P. Ujtputlp, U.U. Uwwndtuynh b U.U. Lndyhuph nblwdwpnipjudp, UNL
UNC  Qwpynnulywu  dwpbdwwhluwh W Yhpbnubnpluwih  Swynintinp
dwyniuntinnp dwpbdwwhywlwu Yhpbnubunhywih wdphnu, Unuydw, 2012 p.,

e nwwunnubiph, wuwhpwuwmubph L Gphwnwuwpn ghnuwlwuubph «Lndnununy-
2011», «Lndnununy-2012» wdkuwdjw dhowqquwihu ghnwdnnnyutipnwd, Unuydw,
2011, 2012 pp.,

e «uypbn dwpbdwinhyw b upw Yhpwnnigyniuubpp» XI dhowqgquiht ghnwlwu
utidhuwpnud, Unuyjw, UML UMNL  Lwoynnulywu  dwpbdwwnhluwih L
Yhptinubinhlywih $wyninticn, 2012 .,

e «Thuypbwn Jbpindnipyniuy ubdhtwpnud® U.U. Uwwndtuynih, S.4. Uunpbluwih b
U.P. Twjuywyh nblwdwpniyejwdp, UNL UNL Cwoynnuijwu dwpbidwnhlwih W
Yhptinubinhlywih dwynyinbinp wyniintinnh dwpbdwnhlyuwlwu Yhptinubnhywih
wdphnu, Unuyyw, 2009-2012 pppe.

Lpwywpwynidubp

Uwnbuwfununipjut phdwny hpwwwpwydws £ 33 ghnwlwt wotuwnwup,
nphg 16-p Scopus U Web of Science swnbdwpwuubpnd pungpywd ghnwlwu
hpwwnwpwynigyniutbipnul: Ugfuwwnwuputipp pdwpyywsd Gu ubindwagnph gtipgnid:

U2luwwnwuph unnigwép b dwyuwy

Uwnbuwfununipniup Yuqidwsd E ubpwdénieiniuhg, dbpnnwpwunteginiuhg, hhug
gintfuubiphg, Yppwnnieinithg, Ggpwlwgniyeniuhg, hwybwdhg, oguwgnpdywd
gpwlwuniejwu gwuyhg: Unbuwfununiyeiniup swpwnpqwd £ 205 Eonud, ubpwnjw 109
wuntu ogqunugnpdywd gpwywunipyuu gwuyp:
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Ujuwwnwuph pnjuunwyniyeyniup

Ubpwénipyniup - uluynud £ phdwih - wpnhwlwungjwu  deluwpwudwdp,
ubpywjwgynd  GU - wofuwwnwuph  Uwywwwlu no o fuunhpubpp,  punppwgpynud b
hGwnwgnundwu wnwplwu L unwgywsd wnryntupubiph unpniejniun:
Ubtipnnuwpwuntpniund uwpwgnpynid £ dowlyywsd dbpnnubnp:

“thgnip G pwqunipyniu k, nph Ypw uwhdwudws £ gnidwpdwu gnpdnnnie)niu, huly
k Wi ng pwgwuwlwl wdpnng pytip, npnup pwywpwpnud GU k + 1 = 3 wwydwuhu: THhgnip
Ay, ..., Agyn G-h Gupwpwaqdnugynuutip Gu: (4y,...,Ag+) hwlwpwdniu Yngynud k
(k, )-gnudwphg wqun ((k, D-FUL), Gl gnjnieyntu sniuh hwywpwdnt

(ay, ) Arqr) € Ay X X Ay,

npp hwunhuwunwd £y +... 4x = xpq+. . x4, hwdwuwpdwu ndnud: Pnpnp (k, D)-
QUL-tiph punwuhpp G-nid Lpwuwybup SFCy;(G): Uwhdwubup

0k, (G) = [Arl+. ..+ Akl

Ujuwwmwuph wnweohtu ginifjup uyhpyws £ (k, 0)-FUL-tGph pwuwyh npnadwtp,
Upbywu fudpbipnd, b (k, D-9UL-Gpp pwuwyh npnpdwup, puwywu pybpp [1,n]
hwwnywdénud: 1.1 L 1.2 wwppbpnigyniutbpnud wnipynud Gu uwhdwunwiubp bW wwwgnigynid
GU npnowh odwunwy wunnuwubp: 1.3 wwppbpnyejniund wwwgnigynid £ (Gddw 1.5, npp
hwunhuwunw £ gpwuniubph punhwupwgywd dbennp W hhduwlwu gnpdhpp [nquphpedh
wuhdywnnunhlwu unwuwnt hwdwp:

Unwohu gyfuh hhduwywu wpryniupubpt Gu hbnlyw) pnpedubpp’
fBtnpbd (wwn. 1.4, phnptd 1.5): Hthgnip G-t n Yupgh Upbywt funidp £, puly k =3
pbwlwl phy: Uyw n — oo nbwypnid ipptinh niuh hwywuwpnipinip

10g|SFCio(G)] = 0x0(6) + 6 (n):

fBtinpbd (wwp. 1.5, pbnpbd 1.7): Mthgnip k b 1 nsg pwguuwlwl wdpnne pybtn Gu, npntip
pwywpwpnd G k+1>3  wuwydwbpt: Uww n-oo nbwypmd pnh  nibh
hwywuwpniyginiip

10g|SFCy, ([1,n]D)] = k1 ([1,1]) + 6(n):
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(4,...,A) € SFCyo(6) hwjwpwdniu wujwubup wnwybjwgnyu pun hgnpnipjwu, tiph
wju wnwybjugnyu £ pun g0(G) gnuwph, b wnwybjugnyu pun Ubpwndwu, bpb
Yuwdwjwlwu i € {1,...,k} b x € G\ 4; hwdwp

(A, Aim1, A U}, Ajyq, .. Ag) € SFCyo(G):

Uptuwwnwph GpYypnpn qinifup udhpdwd £ g0 (6) wnwybjwgnyu wndbph
quwhwwdwup, b wnwybjugnyu puwn hgnpnipjwi (pun ubpwndwt) k-gnidwnphg wqwin

pwaunijwu  Yunnigywdéph  ufupuwgpdwup  udwjwlwu  ghyhy  fudpnad: 21
wwppbpniggniunwd npynud GU uwhdwunwiubp b wwwgnigynd Bu npnawyh odwunwly

wunnwiubin: Npnaytig £ ok 0 (Z4)-h wnwybijwgnyu wpdtipp ghyhy Z, fudph hwdwp:

fBbnpbd (ywp. 2.2, pbnpbd 2.2): Ywdwjwhwl p wwpq pyh hwdwp pbnh nbp
hwywuwpnyginiip

Qk_O(Zp) =p+k-—2:
fBbnpbd (wwp. 2.3, ptnpbd 2.5): Ywdwjwlwl n hwdwnp ppbnh niap

n
Oro0(Zy) =n+ ; (k—-2),

nppbin p-U n-h wdbbwihnpp pwdwbwnpwnt

Unwgytp tu dbphtu L unnpht  quuwhwwnwlwiubn  g0(G)-h  hwdwp, npwnbn G
Yuwdwjwlwu Upbywu funwdp k:

fBtinpbd (wwn. 2.3, plinpbid 2.4): Yhgnip G-U n Yuwpgh b v Lpuwyntbtupny Upbywt funidp
E Uww

n n
n+a(k—2) =7§ﬁ}x<z(d+k—2)> < 0ko(G) <
n n
< — - = . -
_rg&x(d(d+k 2)) n+p2(k 2),

npbin p-p v-h wdbbwipnpp wwnpq pudwbwpwnt £, huly po-p n-h wdbbiunhnpp wuwnpq
pwdwbwpwnb £

Lhwpwagpytp bt wnwybjugnyu pun hgnpnipjut  k-gnidwphg wqwun  hwywpwdnth
Yunnigywdpp Yuwdwjwlwu ghyhy fudpnud:
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fetinpbid (wwp. 2.4, phinptid 10): Hgnip k = 2, U Z,, wwpq Yupgh ghlyply funidp £, huly
(Ay, ..., Ax) wnwbpugnyl pugn hgnpnipywb k-qnidwphg wquigy hwdwpwéne £ Z,, fudpnud:
Uww  hwywpwénih  jnipupwtisinin - puwqunygyni,  hgndnpphqdh  Gognpippnipywdp,
hwbnpuwbnmd £ htiplywitliphg Jayp'

o lAl=1

il Ay = —(A1+. A+ A+ +HA);

i, Ai-ht 1 qpupplipnipiudp pywpwbwlwl wypngpbupw k;
npbni=1,...,k:
fBbnpbd (wwp. 2.4, ptinptd 11): thgnip k = 2, huly p-tn puwlwt pyh wdbbwhnpp wwnpq
pwdwbwpwpt £, U H-p n/p Yupgh Z,, fudph Gupwfunidp £, U (A4, ..., Ay) wnwybpugnyb
puyn hgnpnigyuti k-gnidwphg wquiyn hwdwpwéne £ Z, pudpmid: Uww hwywpwdnih
Jnipwipwibtiinin - pwqdnigiml,  pgndnpppqup Gogpyppnipywidp,  hwbnpuwbmd  E
htuplyuwyliinhg Jayp'

I. |4;| = n/p, wyuhlipl, A;-t H Gupwpuidph hwpwlhg nwu k;
ii. A;-u H Gupwpudph hwpwlhg nwubiph dhwynpmd £ wybwpup, np hwpuwlhg

nwubiph bbpyuywgnighstliph puwqunipyuwts (npujbu Z,, ghlyply fudph Gupuwfunidp)
hwdwp ipbnh mup

Al/H = _(Al/H++AL_1/H +AH,1/H++A}C/H),

i, A;-u H Gupwfudph hwpwlhg nwubiph Jdhwynpmd £ wybiwghup, np hwpuwlhg
nwubiph tbpluywgmghstbiph puqdnugymitip, npwbu Z,, ghlyhl fudph Gpwpinudp,
hwunpuwtnd £ 1 quppbpnygyudp pywpwbwlwt wypngpbupw;

npppbni=1,...,k:

thgnip 4;, ..., Ax-u G UpbLywu fudph ny nwwnwpy Gupwpwqdnieniuubp Gu: Z, fudpnid
k-gnudwphg  wqwu  hwjwpwdniubph  wju  puwwuhpp, npp Yugquidwsd £ unyu
wmwppbipniygyntup  niubignn pwpwuwlwu  wpngpbiuhwubiphg, Uwuwybup Py (Z,):
dbipgutiup

(L) = (1A |+ +]AD:

max
(A1), AR)EPK(Zn)
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Uunwgyb £ ay (Zy)-h hbinlyw) guwhwwnwlwunp:

LEddw (ywp. 2.4, \Gddw 2.13): “thgnip k = 2 puwlwt phy £ Uww udwjwlwb n hwdwp
ylinh nubip

D)) =n+= (k-2
max( g (@) | =n+2(k=2),
npppbin p-b n-h wdbbiwihnpn wwpq pwdwbwpuwnpb

Lhwpwagpyb £ twb wnwybjugnyu pun ubpwndwu k-gnuwdwphg wquun hwywpwdnth
Yunnigywdpp Upbigwu fudpnid:

LEddw (wwp. 2.6, [Gddw 2.16): Gpb ¢ Upbywl fudpmd grynyeiniti niuh wnwybjugnyt
pup bepwndwb k-gnidwphg wquitpn hwywpwdnt k hgnpnygywdp, www G funidpp ghlyhly
£

“thgnip H-p G tudph Gupwfunwip £, huYy ¢¢ 6/u: G = G/H Ywunuwlwu hndndnp$hqu £: Ujn
nbwpnid A € G guwulwugws Gupwpwqinteiwu hwdwnp A/H-ny bpwuwytup G/H Swlwnnp-
fudph  Wgg/u(A) bBupwpwqgdngniup:  Unwybjugnyt  pun  ubpwndwu  k-SUL-tph
puwwuhpp G-nud upwuwybup SFCM, (G):

Leddw (wwp. 2.6, |Gddw 2.17): Hhgnip (A4, ..., Ap)-U wnwybpugnyt puyp bepwndwt
k-gnidwphg wqup hwdwpwén £ G Upbywt pudpmid, puly H = H(Ay+...+4)n
Ay+... +Ay, pwqunipqut uppuppihquinnnpl b Uww ppbn nibGl hplywy wunnidutpp

i (A +H)+. A+ H) = A+ A

ii. (A +H,...,A, + H) € SEFCM(G);
ii. (Ay,..., Aj_1, A + H Ajyq, ..., Ay) € SECM(G), pninp i = 1,..., k hwdwp;
iv. Ai+H=A4;, nnyppini =1,...,k;

v. H(A;) = H, nnippin H(A;)-p A; pwqunigyuwt uypwphthquignpu £, i =1,...,k;
vi. A;-U hwbnpuwbnd £ H Gbpwpudph npnpwlh hwpwhhg nwubph dhwynpnud;

vii  (Ay/H,...,Ax/H) € SFCM(G/H):
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@tnpbkd (wwp. 2.6, (dinptid 2.14): Hhgnwp G-t n fupgh Upbywt funwdp £, huly (A4, ..., Ag)
wnwibpugnyt puyn bpwndwt k-gnidwphg wquiypn hwywpwént £ G pudpnud: “Hhgnip
qnynyeynill snibip (ay, ..., a,) € Ay X...X A, hwdwpwént wybiyhup, np
(A1 - a1)+. . +(Ak - ak)

puiqunyayniip sunid £ G funidpp, U nhgnip ipntinh niuh wohwywuwpnipniup

[A1|+... +|Akl > n/2 + (k = 2)n/p,
npipbin p-t n-h wdbbwhnpn wwpq pwdwiwpwpt B Uww gninyggnia ntah G- fudpp
wyjbwhup H Gpwfunidp, np

I. Ai+H=A;, nnpplini=1,....k;

i G/H-p ghlihly funwip £;
i, (A1/H,...., A /H)-p  wnwybpugnyt  puyp  bbpwndwl  k-gnidwphg  wquigp
hwywpwént £ G/H pwlipnp-fudpnid:
thgnip G-u pwquneyntt &, nph Yypw uwhdwudws b gnidwpdwu gnpdnnnugniu, huy k W !
ns pwgwuwlwu wdpnng pytip Gu, npnup pwjwpwpnu Gu k + 1 > 3 ywjdwuhu:
Ac G bGupwpwqgdnigniup  Ynsynud £ (k, D)-gnidwphg  wquun  ((k, D-SGUR), bk
hwywuwpnuip

Xyt X = XpgpqFe Xy (D

sniup nwdnd A pwqgdnigyniunud: Pnpnp (k, D-SUP-Gph punwuphpp G-nud upwuwlybup
SFSy1(6): Uwhdwubup

A1 (G) = Aeéﬁif(c)lAl:

Uptuwwwuph  Gppopn qunijup - Udppdws £ (K, D-FUP-Gph - pwtwyh
guwhwwndwup, huswbu uwl ypowynp Upbywu fudpbpnud (k, D-FUP-tph wnwybjwagnyu
hgnpnipjwu npnadwup, b wnwybwugnyu (k, 1)-SFUP-Gph Yunnigwdph ulwpwgpdwup:
3.2 wwppbpneniund wwwgnigynd £ \Eddwu 3.1, npp hwunhuwund £ hhduwywu
gnpdhpp  (nqwphpdh  wuphdywununplwtu  unwuwne . hwdwp: . 3.3 L 3.4
wwppbpnggniuubpnud unwgyly Gu (k, D-9UP-tph pwuwlh  |nquphpdh
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wuhdwywnuhywt  hwiwwywunwuluwtuwpwp  Upbgwu  fjudpnd U puwlwu  pytiph
uygpuwlywu hwndwsdnid: Uwutwynpwubu, wwwgnigyt) tu hbinlyw) plinptdutipp:

@tnpkd (wwp. 3.3, plinpbkd 3.2): thgnp G-t n Gupgh Upbywt funidp £, puly k U 1 ns
pwgwuwlwl wdpnne pyln &G, npntip pwduwpwpnd &b k +1 =3 wuwdwupb: Uww
n — oo nbwpmd (plinp nibh hwywuwpniyeniip

1og|SFSy1(G)| = 441 (G) + 6(n):

@tnpkd (wwn. 3.4, phinptid 3.4): thgnip k U 1 ns pwguuwlwl wdpnny pybp Gu, nnntup
pwywpwpnd G k+1>3  wuydwbpt: Uww n-oo  nbwypnd ppbinh  nibh
hwywuwpnipiniin

10g|SF Sk ([1,nD)] = A1 ([1,n]) + a(n):

Wu wpryniupp (pelinptid  3.4), hpwphg wulwfu, uwnwgb] £ uwl P. 9phup [54]
wofuwwnwupnud: 3.5-3.8 wwppbipnigniiubpnud nwnwiuwuppyt Gu Upbigwu fudpbipnid
(k,D-FUP-tpp  wnwybjwgnyu  hgnpnygguwu b wnwybwgnyu  (k, D-FUP-tph
Yunnigqwdph  futnpputipp: e (d)-ny - vpwwlbup  [1,ged(d k — D] dhgwlwjph
wdbuwthnpp wdpnng phyp, nph hwdwp gnynigyntu niup h € Zy\{0} phy wjuwhuh, np
wntinh nwbu hbnlyw| wuhwjwuwnpnipniutubpp

d—1—p(d)|

1
i K+ 1

d—1-—p,(d)
{T]S(k—l)hﬁd—l—kl

fBtinpbd (wwp. 3.5.2, plinptd 3.9): thgnp k b | npwlwb wdpnne pytn Gu: Uww
Guwduwywluwb n hwdwp pplinh niup

d—1- d
e e I

f@bnpbd (wwp. 3.5.3, plinpbid 3.12, wwp. 3.7.3, ptinptd 3.25): thgnip G-t n Gupgh L v

tpuwynubtpng Upbywt funidp £, puly k bl ns pwgwuwlwt wdpnne pybn wjtwhpup, np
k+1=23, b hwywuwp sGu pup dnnny v: Un nbuypmd 6ppyn GU hbGyplyw;
wbhwywuwpnyaynibiipp

mer (|| 1)) = 2o < mer{([7] + 1) 3
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A € SFSi,(6) pwaqunipniup Ywudwubup wnwybjugnyt, tpb Judwwlwu x € G\ 4
hwdwp AU {x} € SFS,;(G):  SFS,(G)-h pnnp  wnwybjwgnyu  pwqunieiniutbiph
punwuhpp Vpwuwybup SFM,,(G): 3.6 U 3.8 pwdhubpnuwl unwgyb) t A € SFM,,(Z,)
pwquntpjwu Yunnigwdph Gagphun uywpwgpnieiniup’ pwpwuwlwu wypngpbuhwubph
U hwpwyhg nwubtiph wbpdhuubpnyg, nubuwing vwhdwuwhwynd A € SFM,, (Z,,)
pwquntpjwu hgnpnigjwu Ypuw'

n+1-—en)

>
Al = k+1
W ged(n, k — 1) =1, npinbin

o=y
Z ghyihly tudpnud (k, D-gnudwphg wquwn pwpwiwlwl wpngpbuhwutiph puwnwuhpp
Upwuwlybup  PFy(Z,): A € PFy(Z,) pwpwlwlwu  wpngpbuhwu  Yngynud |
wnwybjugnyu, bk Yuwdwjwywu x € Z,\ A hwdwp A U {x} & PF, ;(Z,): PFy;(Z,)-h pninp
wnwybjugnyu pwpwiwlwu wpngpbuhwubph punwuhpp bpwuwlybup PFM, (Z,):
PF,1(Zy)-h pninp pYwpwuwlwu wypngpbuhwubtiph puwnwuhpp Z,-nwd, npnup puwd Gu
Zp-h Ywdwywlwu ny wnphdhw) Gupwiudph npub hwpwlyhg nwund, Yuowuwybtup
PFN;(Zy): Lbpgubup PFPy (Zy) = PFy (Zyn) \ PFN;(Zy), U

Yiet(Zy) = AEPrFrg}l(’)lc(Zn)lAl,

W PFPEy(Z,) ={A € PFPy,(Z,) | 1Al = y,(Z,) }: 3.6 U 3.8 pwdhubph hhduwlwu
wpryntupt £ hGwnlyw| pbnpbdp'

febnpbd (wwp. 3.6, phinpbd 3.20, wwp. 3.8, pGinptd 3.28): thgnwp k bl ns pwgwuwlwl
wdpnne pybp Gu wjuwhpup, np k+1=3, huy ged(n k —1) = 1: Uww jmpwpwbsnip
A € SFMy (Z,,) pwqdnypynit, nph hwdwp ipplinh nibh wihwywuwpnieyniup

(k+DIAl =z2n+1—e(n),
hwtnpuwbinid £ hplywy puqdniggnititibphg Jalp'

bt n-p qnyq £, wuw
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i H Gpwpidph d =1 ng ipphypwy hwpwlhg nwubphg Jdap, npipbn H-p Z, udph
Gwduwywlwt Gupwpinidp £ U |H| =n/d, npypptin d-U n-h pwdwbwpwn £ b
2<d<k+1-1;

il. @71y 2./m(C) puqunygnitii £, npuplin H-p Z,, pudph Gudwywlwt Gupuwfunidp £

wytypup, np | Z,/H| =1 (mod (k + 1)), r €{2,...,k +1— 1}, |Z,/H| = k+1+ 2, L
C-U PFPE; (Zy/H) pwqunuyquwt Gudwjwlwl pwpp £
bpt n-p Yty £, wwyw
fii. — H Gbpwpidph d — 1 ng ipphdhwy hwpwlihg nwutiphg Jalp, npytn H-p Z,, fudphp
Gwdwywlwt Gupwfumidp £ U |H| =n/d, npipbn d-U n-h pwdwbwpwp £ L
3<d<k+1l
iv. @71y 2. /m(C) puqunygnitti £, npuplin H-p Z,, pudph Yudwywlwt Gupuwfundp £
wytipup, np 1Z,/H| # 1 (mod (k + 1)), 1Z,/H| = k + 1+ 2, . C-ti PFPE;(Z,/H)
puqunupquwt udwywlwl gppp
npipbin @z g /i L = Ln/H Gubintwnp hndndnpphqd £:
1 = 0 nbwpnud gmynggnis mbt Shuyt Gpyne nbwyp' (i) b (ii):
Wydd wnwudhu nhwnwpytup I = 0 nbwpp: thgnip G-t Upbywt funwip k, huYy k£ = 3 wdpnng
ehy: A € SFS;((G) tupwpwqdnieiniup Ywudwubup k-qpnihg wquwn: k-gpnihg wquin
pninp pwqgunigyniutbiph punwuhpp ¢ fjudpnud Yupwuwybiup ZFS, (G)-ny: A € ZF S, (G)
pwqunteyniup Ynsynd £ wnwybjugnyu (puin ubpwndw), bl jnippwpwugnip x € G\A
wnwpph hwdwp A U {x} &€ ZF S, (G¢): Uwhdwubup

= Al:
A (G) Aeg}:‘gzc(a)l I

Lbipdnidtup htinlyw| pwuwynwdubpp. ZFS, (G)-h pninp wnwybjwgnyu pwaqudniejniuubiph
punwuphpp Yupwuwlbup ZFMi(G)-nY, huy ZFSi(G)-h wju pninp pwqudnipniuubiph
puwnwuhpp, npnug hwdwp A € ZFS,(G), 1Al = A,(G), Yupwuwlbup ZFE, (G)-ny:

3.7 wwppbpnyeywu hhduwlwu wpryniupubpu Gu'

Lddw (wwp. 3.7.1, |Gddw 3.10): LGddw 3.10: thgnip k = 3 plwlwl phy k, G Upbywt
funwp £, U A € ZFM,(G): Uww ipbin mubt hipplywy wunmdubpp
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i k(A+HKA)) = k4;

ii. A+ H(kA) € ZFM(G);
iii. A+ H(kA) = A;
iv.  H(A) = H(kA);

v.  A-b hwbnpuwtmd F H(kA) bbpwudph npnpwlp hwpwlhg nwubiph dhwdnpnud;
vi.  A/H(kA) € ZFMy(G/H(kA)):

LEddw (wwp. 3.7.1, [Gddw 3.11): “thgnip k = 3 puwlwt phy £, phuly G-t Upbywt punwdp
t: Gt gnynipyniti niuh A € ZFM (G) U |Al = 1, www G- ghlyhly funidp E:

@tnpkd (wwp. 3.7.1, (¢inptid 3.21): thgnip k = 3 puwlwl phy t, G-t Upbywl funidp E,
U A e ZFM(G): Gpb k|Al = |G| + 1, wwuw gnynyaynils nitp G fudph H Gupwfunidp, np
i.  A+H=A4
i.  AJ/H € ZFM,(G/H);
fil. A/H-U pwpwbwlwb ypngpbupw £;
iv.  G/H-p ghlyply punidp £

Lowuwybup Z, fudpnd k-qpnjhg wquun pqwpwiwlwu wypngpbuhwubph punwuhpp
Py (Zy)-nY: Uwhdwubup

ay(Zy) = Agg%n)lAI:

febnpbd (wwp. 3.7.2, (dtinpbd 3.22): thgnip k = 3 puwlwi phy £ Ywdwywlwl n hwdwp
iplinh niup

ay(Z,) = max (;, ln—ij + 1),

npppbin r-p n-h wybwhup pwdwbwpwnp £ np k-t sh pwdwbudmd r-p, puly x-p [1,8()]
Uhguilyuyph wdttiwthnpp phyt £, npp hwdwp grynipynit niuh uytiughup a(x) € Z,\{0} phy,
nn pbinp bt wuhwywuwpnygynitibpn

n—1—x
1Ska(x)$n—1—leJ:
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@tnpkd (wwn. 3.7.2, (dtinptd 3.24): MYhgnip k = 3 puwlwi phy £, G-t n Gupgh b v
tpuwnttiiynny Upbywt funidp £: Uww ipbinh niblbt wihwywuwpnipyniutibpp

rﬁﬁ/x {ak (Zy) g} < 2(G) < max (g, rgﬁjx {ak (Zy) g}) :

Chwnbwup (wwp. 3.7.2, <hnlwup 3.1): thgnip k = 3 puwlwb phy £, b s§(n) = 1: Uwyw
tpbnh nibp hwwuwpnyayniip

d—2 n

@) = me|(| 5] + 1)
fBbnpbd (wwp. 3.7.2, (¢tinptd 3.26): “thgnp k = 3 plwlhwl phy £ G-t n Jupgh L v
tpuwnubtyping UpGyw punwdp E: Gpbv Epuwyntbtiynp nitp d, pwdwbwpwn wybwhupt, np
do € {1, ...,x(dp)} (mod k), www tpkinp nibh hwywuwpnienip
n d—1-x(d) n
(G) = "alzﬁ;x {ak(Zd)E} = max {([T] + 1) E}

dlv

npipbin x(d)-p [1,8(d)] dhowlhuwiph wdbtiwhnpn phyl £, npp hwdwp grnyaynii nibp
wytihup a(x) € Zy\{0} phy, np pplinh mubt wihwywuwpnyeiniitbpp

d—1-x(d
lska(x)Sd—l—lex()J:
“thgnip k& W I ny pugwuwlwu wdpnng pybin tiu, npnug gnudwnpp gbipwquugnud
1: ¢ Upbipwu fudph A Gupwpwqdnueiniup Ynsynwd k (k, D-gnudwp, tipl gnjnuygyntu niup
B € G tupwpwqunipniu wjuwhuh, np

A=B+...+B—-B—-...—B:
k l

(k, D-gnidwpubiph punwuhpp G-nud upwuwybup SSSk, (G):

Wliwwwuph snppnpn gqinijup udppywsd £ (k, k)-gnwdwpubph bW (2k, 0)-
gnuwpubtiph pwuwyh dbphu L uwnnpht quwhwwnwlwuubph  unwgdwup  Upbgwu
fudpbipnud: 4.2 wwppbpnigniund - wwwgnigynd  Gu - (k, k)-gnwdwpubph W (k, 0)-
gnuwpubiph  pwuwlyh uwnnpht quwhwwnwywuubpp  Upbywu  fudpbpnud: 4.3
wwppbpnyegniunwd pwpbjwygynud £ (2,0)-gnidwnpubiph pwuwyh unnphtt guwhwwnwlwup
UpbLjwu fudpbipnd: 4.4 wwppbipnigyniund wwwgnigynd b Gddwu 4.6 L 4.7, npnup
hwunhuwunw 5u hhduwywu gnpdhpp ybipht quwhwwnwlwuubpp unwuwnt hwdwp: 4.5
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wwppbpnggniund wwwgnigynud Bu (k, k)-gnudwpubiph W (2k, 0)-gnuiwpubph pwuwyh
ytipht  quwhwwnwlwuutipp Upbywu fudpbipnd: Uwutwynpwwbiu, wwwgnigynd Gu
htinlyw)| plinptdutipp: Lowuwybup D(G)-ny G fudph wdbuwdbs ubthwlwu Gupwfudph
Yuwingp:

@tnpkd (wwn. 4.1, phinptd 4.1): Hhgnp k npuwlwt wdpnne phy £, G-t n Gupgh b v
tpuyntuiypnd  Upbywt funidp £, b v > 24k —7: Uww qnnyggnii nibh  npulwt
hwupuigpnil ¢ = c(k) wybwypup, np Yuwduwywlwb v > 24k —7 U n - o nbupmd pbinp
nibbl whhwdwuwpnyaynibtpp’

sz/(6k—2) < |SSSkk(G)| < 2n/3+D(G)/3+6(n):

febnpbd (wwnp. 4.1, phnpbd 4.2): Mhgnip k > 2 npwlwt wdpnne phy £, puly G-t n Gupgh
u v tpuwynubppng Upbywt funidp £ L v > 4k —3: Uww gnynyggnit niah npuiljut
hwupwpnil ¢ = c(k) wytwhup, np udwywlwi v > 4k — 3 bn - oo nliypmid (pbinh nibp
wbhwdwuwpnipniiinp

|SSS21,0(G)| < 27/3+P(@)/3+0(0)

c2v/@k=1) < [58S;0(6)|:
Lawtwybp ¢ (n)-ny Eytiph $niuyghw:

febnpbd (wwp. 4.1, ptinptd 4.3): Yhgnip G-t n Jupgh b v Epuyntbituypny Upbywl funidp
£ Uwyw n,v - oo nbwypmd ipbinh niulats haplywy quwhwpwwbitbpp'

VO (1)2V/3 < [855,,4(G)| < 2M/3+P@)/3+0(),
“thgnip G-u n Ywngh Upbywu fundp &, huy k = 2 puwlwu phy k:
G Upbigwu fudph 4;,..., 4y Gupwpwqdnieyniuubiph gnuwiwpp Yuwhdwubup hbnlyw Yepw'
Aj+...+A, ={ay+...+ax la; €Aq,...,ax EAL }:

Pwqunteyniup, npp ubpyujugynud £ G Upbigwu fudph k Gupwpwqguinieniuubph gnuwwp
wnbupny, Ywujwubup k-gnuiwp:

Uwhdwunmd: Hhgnp G-t n fupgh U v bpuwynubtupny Upbywt funidp £ puly k =2
plwlwl phy, Ay, ..., A,-p G ludph ns nupwnly Gupwpwqdnygnibbn Gu: Ywubtp, np
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(44, ..., Ay) hwduwpwénit pudupupnd b o wuydwht, Gebl gninyainit niuh A; wytiypup,
npl4l =z el

|[Ai+...+Ai_q + Ajpq+. AR 2 @,
npippbni € {1,..., k}:
Swppbp  A;+...+4; Gupwpwqdnieniuubph  puwnwuphpp,  SuJwd  (44,...,Ax)
hwqwpwdniutiphg, npnup pwjwpwpn Bu o wwjdwuht, Uwuwybup SSD. (G, a):
dbipgubiup

a(n) = ((logn)~/1 + (logn)~'/®)n:

Ufuwwnwuph hhuqtpnpn qnijup udhpdws £ k-gnudwptbiph pwuwyh dbphu U
unnpht  quwhwwnwlwuubph npnodwup Upbywu  fudpbipnd: 5.2 wwppbpnieniuntd
unwgyby & [SSDk(G,6(v))| wpdbtiph unnpht quwhwwnwlwup: 5.3 wwppbpnieyniunwd
wwwgnigynd £ |Gddw 5.2, npp  hwunhuwund £ hhduwlwu gnpdhpp  ybphu
quwhwwnwlwup unwuwine hwdwp: 5.4 wwppbpngniunwd unwgynud b |SSD, (G, a(m))|
wpdbiph ybpht quwhwwnwlwup: <pduwlwu wpryniupp ubpluyugywsé £ hbnlyw
ptnpidnut’
febnpbd (wwp. 5.1, plinptid 5.2): Yhgnp G-t n Jupgh U v bpuynubtypny Upbywl funidp
L opuy k=2 pawhwh phy E Gpbt nv-o oo, www wpbnh nbblt  hGplyw
whhwdwuwpnyaynibbibpp'

2v/2+00) < |55Dk(G, 5(V))|J

|SSDi (G, a(n))| < 2n/2+P@/2+0m),

(dtinptd 5.2 hwunhuwunw £ L. Upnup, U. Gpwudhh W U. Nphup [37] Ynndhg 2010
pYwlwupt unwgqwsd wpryniuph wdwgnwp, b punhwupwgnuip' k-h Yudwjwlwu
wndbiph hwdwp:

Upfuwwmwuph ykgtpnpn ginibup uyhpgwsd k gnidwphg wqun hwjwpwsdniutinh
Yhpwnnipjniuubppt’ nbuwlwu dwpebdwunhlwntd L nbinbGlwunywywu

wbluuninghwubpnud:
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Unbkuwfununipjwiu hhduwlwiu wpnniupub
Uowyyty £ gpwunyubiph punhwupwgywsd dbpnn, npp Yhpwnbih £ gndwphg wqun
pwqunipniuubph b gnudwphg wqwun  hwjwpwdniubph  hwdwp' punhwupwgyws
Ywldwjwywu gdwjht hwdwuwpnwubph hwdwp' =1 b 1 gnpdwlhgubipny: Un deennp
Yhpwnbih £ uwl Gupwpwqunyeniuubph  gnwwph b wwppbpngjwu wnbupny
ubplywjwgynn pwqunipniuttiph pwuwyh quwhwwndwu fuunhpubpnid
[3-8,12,13,15,17,21-27]:
Uwnwgyty bu (k, 0)-FU<-tiph L (k, D-FUL-tph pwuwyh nquphpdh wuhdwwunnnhlwu
Upbywu fudptipnud L puwlwu pULPp uygpuwlwu hwunywdénud
hwilwwwuwufuwuwpwp: Npnadtp Gu  (k, D-FUL-Gph wnwybjugnyu  hgnpniejwt
t2gnhwn wndbipp ghyihy fudptipnud, huy Upkigwu fudptiph hwdwp unwgytp Bu unnphu
U gtipup quwhwinwywuutip: Ljwpwagpyb) £ wnwybjwgnyu pun hgnpnyejwt W puwn
ubipwndwu (k, 0)-FUL-tiph Ywnnigwdpp Upbiywu fudpnud [22,24-29]:
Uwnwgyt t (k, D-SFUR-tiph pwuwyh inquphpdh wuhdwwunnunhlwu Upkgwu fudpbpnud b
puwlwu pybph uygpuwywt hwindwdnid: Npnayby Bu  (k, D-FUP-ph wnwybjwagnyu
hgnpnuyejwu Gogphin wpdbpp ghyhy fudpbpnd U Upbywtu  fudpbpnud® npnpwyp
uwhdwuwthwynwubph nbwpnd: L{wpwagpyt) ' wnwybjugnyu pun hgnpnipjuu W
wnwyblugnyu pun  ubbwndwu (k, D-FU<-Gph Ywnnigwépp  Upbywu  fudpnud®
npnawlyh uwhdwuwthwynwubiph nbwpnw [1-5,9,10,12-15]:
Uwnwgyby Gu (k, k)-gnidwpubiph, (2k, 0)-gnwwpubph W (k, 0)-gnidwpubph pwuwlyh
ybpht W unnpht quwhwunwywuubpp Upbjwu fudpbpnud, huswbu twl unwgyby Bu
k-gnudwpubph pwuwyh Jbphu b unnphu quwhwwnwlwuubpp Upbywu fudpbpnud’
npnawlh uwhdwuwthwynwubph nbwpnu [6-8,11,16-20, 21,23]:
Snuiwphg  wqww  ulgpniuph  Yppwndwdp sl B pdwynyuw-nnwGpwghu
nwnwpubpnw ghpwfuh whwnpnadwu fuunhpp [31-33]:

Cunphwlwnieyniu
<bnhuwyp oqunytiny wnhphg' hp funpht Gpwiunwghwnegniuu £ hwjnunad hp
ghunwlwu funphpnwwnntht' << FUU ppwyhg wunwd, Shghlwdwpbiwnhluwlwu
ghunneyniuuph - nnwinp,  wpndtiunp Lunt <wynph  Uuwuwuhu L
bhahywiwpbdwnmhyuwlywu  ghwneniuubph nnywnp,  wpndbunp  Ujkpuwunp
Uuwnunyghs Uwwndtuynhu (A. A. CanoxeHko) wofuwwnwuph ujwwndwdp donwlwu
nwnpniejwy, wnpdtpwynp nhwnnnyeniuutiph U ogunwlwp puuwnpynwiubph hwdwp:
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Bare I'. Caprcan

Ha6opbi, cBo6oaHbIE OT NMHEIHBIX COOTHOLIEHUiH, B 06nacTu gucKpeTHoro
Mo ennpoBaHus
PE3HOME

[vccepTauma nocealleHa M3y4yeHUIo anrebpanyecknx CTPYKTYp C OnpeaeneHHbIMM
orpaHuyeHuamu. B vacTHocTH, 6binM uccnefoBaHbl MHOMECTBa U HaboOpbl MHOMECTB, He
copepallime peLeHunii IMHelHbIX ypaBHeHUi ¢ Koadpdmumentamm 1 n -1. Takue MHoecTBa U
Habopbl Mbl bymem HasbiBaTb cBoGoAHble OT cymm. B pabote matematnuecku
060CHOBbIBaETCA, YTO MHOMECTBO, CBODOAHOE OT CyMM, He MOMeT ObiTb cnydaliHbiM (BCe
nocneayloLue yTBepAEHNA BEPHbI TaKkke 1A Habopos, cBoboAHbIX OT cymm). [okasaHo, uTo
cTapwmii  uneH npeobpazoBaHua Pypbe XxapaKTepUCTUHECKOW (DYHKLUMM MHOMKECTBa,
cBobOZHOrO OT CymMm, NpencTaBnAeT coboil jpoctatoyHo bonblioe uucno. A ecniu 6bl
MHOMECTBO, CBOOOAHOE OT CymMM, ObINo chyyaiiHbIM, TO HeHyneBble KoO3bduLMeHTbl Pypbe
€ro xapaKkTepucTUyecKkoi yHKLMM Obinn Obl OYeHb Manbl U He CMOrKU bbl «OOHYIUTBE»
ctapwmit uneH. CnepoBaTenbHO, MHOMECTBO, CBODOOAHOE OT CymMm, obA3aTenbHO uMeeT
HeHynesble bonblune KoapduumeHTbl Pypbe, 4YTO O3HayaeT, 4YTO OHO obnajaer CTPoro
onpepeneHHol NepuoanIECKoin CTpyKTypoid. YTo aTo 3a cTpyKTypbl: MHOMecTBO Bopa — oaHo
M3 OCHOBHbIX MOHATUI apAMTUBHOW KOMOMHATOPUKKM, KOTOpPOE BbICTYNaeT B KayecTse
«obobLLeHHoii» Bepcumn noarpynnbl. bes mHomecTs bopa Ham npuwnock 6b1 paboTath TONbKO
¢ noarpynnamu. Ho nockonbky noarpynnbl CyLLecTBYIOT He Bcerpa, MHomectsa bBopa
3ameHAtoT noarpynnbl. OHKU NO3BONAIOT HaM CKasaTb: «DTO MHOMKECTBO, CBOOOJHOE OT CyMM,
nopfobHo apudMeTUYECKOW Mporpeccum», rae 3Ta NPOrpeccua — MpoCTelillee MHOMECTBO
Bopa. MHoxectBa bopa no3BonAlOT Ham BbIMOMHATE MOYTU TE e BbIYMCIEHWA, YTO U C
noArpynnamu, Ho ¢ bonbLueii rmbkocTblo. Tam, rae ecTb MOATPYNMbl, OHO MOMET COBMaAaTh C
HUMK, a TaMm, TAe WX HET, OHO CcO3AaeT «MoAobHyl noarpynne» CTPyKTypy. [lpumeHas
«TPaHyNALMIO» K MHOMECTBY, CBOOOJHOMY OT CyMM, Mbl AENMM BCIO TpYMMy Ha CMeEMXHble
Knaccbl onpefeneHHbIX MHoMecTB bBopa. DT cmeMHble KnacCbl — HalW rpaHy”nbl.
lpaHynAumMA rapaHTUpyeT, YTo Ntoboe [OCTaTOYHO BONbLLOE MHOKECTBO, CBOOOAHOE OT CyMM,
Kamblli U3 CMeMHbIX KnaccoB MHoxecTBa Bopa nnbo «mouTv» MOMHOCTLIO 3amnonHAET ero,
nMbo ocTaBNAET €ro «MoYTU» NycTbiM. TaKoi NOAXOA NO3BONAET HaM NMepeBecTu Npobnemy Ha
«KBaHTOBaHHbI» ypoBEHb, TO €CTb Mbl OONblUe HE paccMaTpuMBaeM OTAeNbHblE dNEMEHTbI, a
TO, KaKune CMeXHbIe KNnaccbl «BKIOYEHbI». AHanusnpya KoadpcuumeHTbl Pypbe, Mbl nonyvaem,

4TO YUCNO peLLeHUIl ypaBHEHUA 3aBUCUT TONBKO OT CTPYKTYPHOI (rpaHynMpoBaHHOM) YacTu
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MHoMecTBa. [paHynALMA [oKa3blBaeT, YTO JOCTaTOuHO bOMblUME MHOMECTBa, CBOOOAHBIE OT
CYMM, He MOryT ObITb pacceAHHbIMU AN XaOTUHECKUMU — OHU BCErAa AOMKHbI COYeTaTbCA C
onpejeneHHbIMU MHOoMecTBammn bopa, 4To NpuaaeT UM nepuoanyeckyto cTpykTypy. bnaropapa
3TOMy Pa3/OKEHUIO Mbl MOKasanu, 4To toboe 6oMblLLOe MHOMECTBO, CBODOJHOE OT CYMM,
MOET bblITb «anmnpoKCUMIUPOBaHO» OYeHb MPOCTOI CTPYKTYpOil — Mofenbio MHoMecTBa bopa.
OnucaHHbIii Bbile MeTop, byaeT HasblBaTbCA 0OOOLLEHHBIM METOAOM FpaHyI.

0606LLEeHHbIN MeTo, rpaHyn MO3BOAMA MOAYYUTb aCUMMTOTUYECKME OLEHKW uYucna
MHOMECTB, CBOOOAHBIX OT CyMM, B abeneBoii rpynne u B Ha4albHOM UHTEpPBase HaTypasbHbIX
yuncen. Bbinu nonyyeHbl BEPXHUE U HUMHWE OLEHKM MOLLLHOCTU MHOMeCTBa, CBOOOAHOrO OT
CyMM, MaKkCUMalbHOW MO MOLLHOCTU (MO BKFOYEHMIO) ANA NPOU3BOMbHOW abenesoit rpynnbl,
a TaKXe TOYHaA OLEHKa /1A LIMKIMYECKUX rpynn. DT oueHKKU Obinn nonyyeHbl B pesynbTarte
NMPUMEHEHNA pPa3fIMYHbIX METOAOB afAUTUBHOW KombuHatopuku. OnucaHa CTpyKTypa
MHOMECTB, CBOOOAHbIX OT CYMM, MaKCVMMaslbHOW MO MOLLHOCTU (MO BKIIOYEHUIO) B
npousBonbHoii abenesoii rpynne. Takme M3y4YeHbl MHOMECTBA, CBOOOZHOTO OT CymM,
COCTOALLME U3 apUPMETUYECKNX NMPOTrPECCHii C OAMHAKOBOW PasHOCTBIO. [11A TaKUX MHOMECTB
nonyqua TOYHaA OUEHKa MaKCVIMaJ'IbHOVI MOLLHOCTU B UUKINYECKUX rpynnax. BTOpaﬂ YyacCTb
paboTbl MOCBALLEHA W3YYEHUIO MHOMECTB, MNPEACTaBUMbIX B BUAE CYMMbl M Pa3sHOCTH
nogmHoxecTs B abenesoit rpynne. BepxHue oLeHKM Yncna Taknx MHOMKECTB bbinn NonyyeHbl ¢
nomoLLbio 0606LLLeHHOro MeTofa rpaHys, paspaboTaHHOro ana Habopos MHOMECTB. A HUMHMe
OUEHKMN YnCna TaKUX MHOMECTB 6b|ﬂl/l ﬂOﬂy'-{eHbI ﬂyTeM nOCTpoeHVIﬂ 60ﬂbL|J0r0 yucna
MHOMECTB.

OTMETUM OfHO M3 MPUMEHEHUI MHOMECTB, CBODOAHbLIX OT CymMm — npobnemy
uHTepdpepeHL M. B anekTpoHHbIX ycTpolicTBax, 0cOOEHHO Npu 60bLLUMX HAarpy3kax U BO Bpemsa
paboTbl B aBapuitHbIX CUTYaLUAX, FEHEPUPYIOTCA AOMONHUTENBHbIE HEXenaTeNbHble YacToTbl.
Ecim f n g — paboune uacTtoTbl ycTpoiicTBa, TO MNpu paboTe B HENMHENHbIX cUCTEMax
BO3HMKAIOT CUrHaNbl TNa f + g. AHaOrMYHOE CMELLIEHUE YacTOT NMPOUCXOAUT Ha NMPUEMHbIX
CTaHuMAX, rAe HeobXxoAMMO OTINYaTb NpUHUMaeMoe cooblueHne oT cMmecu. B cnyvasx, koraa
KONMMYECTBO YYACTHUKOB CBA3W BENMKO U HEOOXOAWUMO BbIAENUTL KaMAOMYy U3 HUX 4acToThl,
cBOOOAHbIE OT CyMM, BaHO 3HaTb KONMYECTBO TaKWX MHOMECTB W YMeTb pasfenuTb WX Ha
COOTBETCTBYHOLLME YacTU. DTa YacCTb UCCNE[0BaHUA B JaHHOI paboTe cBA3aHa C BHYTPEHHUM

YCTPOICTBOM PafapoB U pasyovacTOTHbIM MOHUTOPUHIOM C y4yacTUeM pajapos.
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Linear Relationship-Free Sets in the Domain Discrete Modeling

ABSTRACT

The thesis is devoted to the study of algebraic structures with certain limitations. In
particular, sets and collections of sets that do not contain solutions of linear equations with
coefficients 1 and -1 were investigated. Such sets and collections are referred to as sum-free.
This work provides a mathematical justification that a sum-free set cannot be random (all
subsequent statements are also true for sum-free collections). It is shown that the leading
term of the Fourier transform of the characteristic function of a sum-free set is significantly
large. If a sum-free set were random, then the nonzero Fourier coefficients of its characteristic
function would be very small and would not be sufficient to cancel out the leading term.
Consequently, a sum-free set must necessarily possess nonzero large Fourier coefficients,
which implies that it possesses a well-defined periodic structure.

We now describe these structures. A Bohr set is one of the fundamental concepts in additive
combinatorics, serving as a “generalized” version of a subgroup. Without Bohr sets, we would
be restricted to working only with subgroups. However, since subgroups do not always exist,
Bohr sets serve as their substitutes. They allow us to say: “This sum-free set resembles an
arithmetic progression,” where such a progression represents the simplest example of a Bohr
set. Bohr sets enable us to perform almost the same computations as with subgroups, but
with greater flexibility. Where subgroups exist, a Bohr set may coincide with them; where they
do not, it provides a “subgroup-like” structure.

By applying granulation to a sum-free set, we partition the entire group into cosets
of certain Bohr sets. These cosets constitute our “granules.” Granulation ensures that, for
any sufficiently large sum-free set, each coset of the Bohr set either “almost” completely fills
the set or remains “almost” empty. This approach allows us to transfer the problem to the
"quantized" level: that is, instead of considering individual elements, we analyze which cosets
are “included”.

By analyzing the Fourier coefficients, we conclude that the number of solutions to
the equation depends solely on the structural (granulated) component of the set. Granulation
for sum-free sets demonstrates that such sets cannot be scattered or random: rather, they
must necessarily align with certain Bohr sets, which endows them with a periodic structure.

Using this decomposition, we demonstrate that any large sum-free set can be
approximated by a very simple structure — namely, a Bohr set model.
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The method described above we refer to this as the generalized granulation method.
The generalized granulation method allows us to obtain asymptotic estimates for the number
of sum-free sets in abelian groups and in initial interval of the natural numbers. Upper and
lower estimates have been established for the maximal by cardinality (by inclusion) of sum-
free sets in arbitrary abelian groups, as well as exact estimate in the case of cyclic groups.
These results were obtained through the application of various methods from additive
combinatorics.

The structure of sum-free sets of maximal by cardinality (by inclusion) in an arbitrary
abelian group is also described. In addition, sum-free sets consisting of arithmetic
progressions with a common difference have been studied. For such sets, an exact estimates
on the maximum cardinality has been obtained in cyclic groups.

The second part of this thesis is devoted to the study of sets representable as sums
and differences of subsets in an abelian group. Upper estimates on the number of such sets
were derived using the generalized granulation method developed for collections of sets, while
lower estimates obtained via explicit constructions of a large number of such sets.

We also highlight an application of sum-free collections to the problem of
interference. In electronic devices, particularly under heavy load or during fault conditions,
additional unwanted frequencies are generated. If f and g are operating frequencies of a
device, then in nonlinear systems signals of the form f + g arise when the frequencies are
appropriately chosen. In situations where the number of communication participants is large
and it is necessary to assign to each of them frequencies that are sum-free, it becomes
important to determine the number of such sets and to be able to partition them appropriately.
This part of the study is related to the internal functioning of radar systems and to radio-

frequency monitoring involving radar technologies.
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